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1. Introduction

Impressive results over the last year on non-perturbative properties of N = 2 super-
symmetric Yang—Mills theories [1,2] and their extension to string theory [3-6] through the
notion of string-string duality [7,8], have used the deep underlying mathematical struc-
ture of these theories and its relation to algebraic geometry [9-18]. In the case of N = 2
vector multiplets, describing the effective interactions in the abelian (Coulomb) phase of a
spontaneously broken gauge theory, Seiberg and Witten [1] have shown that positivity of
the metric on the underlying moduli space identifies the geometrical data of the effective
N = 2 rigid theory with the periods of a particular torus.

In the coupling to gravity it was conjectured by some of the present authors [3,4] and later
confirmed by heterotic-Type II duality [11,12,18,19], that the very same argument based
on positivity of the vector multiplet kinetic metric identifies the corresponding geometrical
data of the effective N = 2 supergravity with the periods of Calabi—Yau threefolds.

On the other hand, when matter is added, the underlying geometrical structure is much
richer, since N = 2 matter hypermultiplets are associated with quaternionic geometry
[21-23], and charged hypermultiplets are naturally associated with the gauging of triholo-
morphic isometries of these quaternionic manifolds [24,25].

It is the aim of this paper to complete the general form of the N = 2 supergravity
Lagrangian coupled to an arbitrary number of vector multiplets and hypermultiplets in
presence of a general gauging of the isometries of both the vector multiplets and hypermul-
tiplets scalar manifolds. Actually this extends results already obtained years ago by some
of us [24], that in turn extended previous work by Bagger and Witten on ungauged gen-
eral quaternionic manifolds coupled to N = 2 supergravity [21], by de Wit, Lauwers and
Van Proeyen on gauged special geometry and gauged quaternionic manifolds obtained by
quaternionic quotient in the tensor calculus framework [26], and by Castellani, D’ Auria and
Ferrara on covariant formulation of special geometry for matter coupled supergravity [27].

This paper firstly provides in a geometrical setting the full Lagrangian with all the
fermionic terms and the supersymmetry variations. Secondly, it uses a coordinate indepen-
dent and manifestly symplectic covariant formalism which in particular does not require
the use of a prepotential function F(X). Whether a prepotential F (X) exists or not depends
on the choice of a symplectic gauge [4]. Moreover, some physically interesting cases are
precisely instances where F(X) does not exist [4].

Of particular relevance is the fact that we exhibit a scalar potential for arbitrary quater-
nionic geometries and for special geometry not necessarily in special coordinates. This
allows us to go beyond what is obtainable with the tensor calculus (or superspace) ap-
proach. Among many applications, our results allow the study of general conditions for
spontaneous supersymmetry breaking in a manner analogous to what was done for N = |
matter coupled supergravity [28]. Many examples of supersymmetry breaking studied in
the past are then reproduced in a unified framework.

Recently the power of using simple geometrical formulae for the scalar potential was ex-
ploited while studying the breaking of half supersymmeltries in a particular simple model, us-
ing a symplectic basis where F(X) is not defined [29]. The method has potential applications
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in string theory to study non-perturbative phenomena such as conifold transitions [10], p-
form condensation [30] and Fayet-Iliopoulos terms [29,32]. N = 2 supergravity displays
a high degree of complexity in its structure, based however on the simplicity of few princi-
ples. The supersymmetric Lagrangian and the transformation rules are indeed quite involved
but all the couplings, the mass matrices and the vacuum energy are completely fixed and
organized in terms of three geometrical data:

(1) The choice of a special Kihler manifold SM describing the self-interactions of the
vector multiplets.

(2) The choice of a quaternionic manifold HM describing the self-interaction of the hy-
permultiplets.

(3) The choice of a gauge group G, that in the non-abelian case must be a subgroup of the
isometry group of the scalar manifold Mggsr = SM ® HM with a block-diagonal
immersion in the symplectic group Sp(2n+2, R) of electric—magnetic duality rotations
(see Eq. (6.4)).

For this reason we devote the first and largest part of the paper (Sections 2-7) to review

and discuss, in a way independent from supersymmetric Lagrangians and supersymmetry

algebras, the geometrical ingredients of the construction that we listed above. This part of the
paper can be read as an independent essay and should be quite accessible to mathematicians
as well as to readers who have no background or interest in supersymmetry.

The second part of the paper (Sections 8 and 9) presents instead the Lagrangian and
supersymmetry transformation rules for both N = 2 supergravity and N = 2 matter
coupled rigid Yang-Mills theory that is retrieved from supergravity in the infinite Planck
mass limit 4 — oo. The theory is presented in a completely explicit component formalism,
and no formulae employ or require the use of superfields, superspace or conformal tensor
calculus. All items entering such formulae are rather geometrical objects whose nature and
properties were described and explained in previous sections.

The reader interested in applications of N = 2 supergravity or Yang-Mills theory can
directly jump to Sections 8 and 9, that are self-contained, and insert, in the ready-to-use
formulae the specific geometrical data corresponding to the problem considered. References
to formulae in previous sections are given to fix normalizations.

The derivation of the results presented in Sections 8 and 9 was obtained by means of
the geometric (“rheonomic™) approach (for a general review see the book by some of us
[31]). The details of the derivation are given in Appendices A-D for the interested reader,
while the results are presented in the main text. It is indeed one of the main advantages of
the geometrical approach to supersymmetry that the final outcome of the construction is
directly written in space—time component formalism.

As emphasized our results are general and apply to generic choice of the scalar manifold.
As an illustration of our formulae in the appendix we specialize them to the case of the
manifolds (1.1). More specifically, our paper is organized as follows:

(1) Section 2 reviews duality rotations and symplectic covariance in field theory.

(2) Section 3 describes the symplectic embedding of the homogeneous spaces, in partic-
ular the special symmetric spaces which appear at tree level in heterotic string theory.

(3) Section 4 reviews special Kdhler geometry, both for rigid and local supersymmetry.
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(4) Section 5 describes the geometry of hypermultiplets, their associated quaternionic and
hyperKihler manifolds in local and rigid supersymmetry.

(5) Section 6 faces the gauging of special and quaternionic manifolds.

(6) Section 7 deals with the so-called momentum map on special Kéhler and quaternionic
manifolds giving rise to the introduction of prepotential functions which enter in the
construction of the scalar potential.

(7) Section 8 reports the full N = 2 Lagrangian in a symplectic covariant form.

(8) Section 9 contains the rigid limit and reports the general form of a matter coupled
N = 2 super Yang-Mills theory on a generic rigid special manifold and a generic
rigid hyperKéhler manifold.

(9) Appendices A and B give a detailed derivation of the Lagrangian and transformation
rules using the geometrical approach.

(10) Appendix C deals with the relevant formulae for N = 2 supergravity based on the
manifolds:
special manifold = ST[2, n] = SUd, 1) S02,n) ,
U SO§2) x §O(n) (1.1)

,m
SO4) x SO(m)’
This is done as an exemplification of the general formulae for the potential, mass
matrices and kinetic period matrices and for its intrinsic interest in applications to
tree-level string theory
(11) Appendix D contains a list of conventions and normalizations that we have employed.
A short version of this paper is given in [33].

quaternionic manifold = HQ[m] =

2. Duality rotations and symplectic covariance

In this section, both for completeness and in order to fix our conventions and notations, we
review the general structure of an abelian theory of vectors and scalars displaying covariance
under a group of duality rotations. The basic reference is the paper by Gaillard and Zumino
[46]. A general presentation in D = 2p dimensions was recently given in [47]. Here we fix
D=4

We consider a theory of 7 gauge fields A%, ina D = 4 space—time with Lorentz signature.
They correspond to a set of 7 differential 1-forms

At =Afdx (A=, 0. (2.1)
The corresponding field strengths and their Hodge duals are defined by
FA = dAY = FA def A dx’, F = 13,40 — 8,4,

~ ~ (2.2)
FA = f‘fv dx® A dxV, ]-';‘U = %Ewpg}'m"”.
Defining the space-time integration volume as
1
d*x = — =gy dX* A A P, (2.3)

4
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we obtain
FANFY =0 FAFE d*x,  FAAFE = 27 PP dix (2.4)
Inaddition to the gauge fields let us also introduce a set of real scalar fields ¢/ (1 =1, .. ., m)

spanning an 7i-dimensional manifold M, 2 endowed with a metric g;(¢). Utilizing
the above field content we can write the following action functional:

1
S=3 f{[m(«mFA A*FE 4 0,5(@)FA A F¥)

+ 215 (@)due’ 347 d*x), (2.5)

where the scalar fields dependent n x n matrix y 4 y (¢) generalizes the inverse of the squared
coupling constant 1/g? appearing in ordinary gauge theories. The field dependent matrix
845 (¢) is instead a generalization of the theta-angle of quantum chromodynamics. Both y
and 6 are symmetric matrices. Introducing a formal operator j that maps a field strength
into its Hodge dual

(jf/‘)uv = %Guvpaf/‘\po (2.6)
and a formal scalar product
n
—Te A pAl
(G.K)=G"K =) G}LKM, 2.7)
A=l
the total Lagrangian of Eq. (2.5) can be rewritten as
LY =F(—y @1+0 @ HF + 581,(¢)d.0' "¢’ (2.8)

The operator j satisfies j2 = —1 so that its eigenvalues are +i. Introducing self-dual and
antiself-dual combinations

FE=YF<ijF), jFr==FiFt (2.9)
and the field-dependent symmetric matrices

N=60—iy, N=6+iy, (2.10)
the vector part of the Lagrangian (2.8) can be rewritten as

Loee = i[FTNF™ = FHINF*L @.11)

Introducing the new tensors

a1 oL

gr ] i 8L
=
w2974,

<1 , 2.12)
29758

agi‘f‘s

2 Whether the ¢ can be arranged into complex fields is not relevant at this level of the discussion.
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which, in matrix notation, corresponds to

1 ac
== 1-6® j)F, 2.13
5 37T r® ® j) (2.13)
the Bianchi identities and field equations associated with the Lagrangian (2.5) can be written
as

auﬁ}:\y =0, (2.14)
apg'g:/t\u =0, (2.15)

or equivalently
*ImF =0, (2.16)
#ImG; 1t =0. .17)

This suggests that we introduce the 27 column vector

V= (J]J;) (2.18)

and that we consider general linear transformations on such a vector
. / .
(’.f) _(4 B)(’.f). (2.19)
ig \C DJ\jg
A B

For any matrix (2 ) € GL(21, R) the new vector V' of magnetic and electric field
strengths satisfies the same Eqgs. (2.15) as the old one. In a condensed notation we can write

WV=0 < V=0 (2.20)
Separating the self-dual and antiself-dual parts

F=(Ft+F), G=(G"+6") (2.21)
and taking into account that we have

Gt=NF*, G =NF", (2.22)

the duality rotation of Eq. (2.19) can be rewritten as

F* _ (A B\ [ Ff F\ (A B\[ F
- , = . 2.23
(o) = (¢ D)) (G)-(C 2)(F) e»
The problem is that the transformation rule (2.23) of G* must be consistent with the defi-
nition of the latter as variation of the Lagrangian with respect to F° * (see Eq. {(2.12)). This

request restricts the form of the matrix A = ( é g). As we are going to show, A must
belong to the symplectic subgroup of the general linear group

A B — —
A= (C D) € Sp(2n, R) C GL(2n, R), (2.24)



L. Andrianopoli et al. / Journal of Geometry and Physics 23 (1997) 111-189 117

the subgroup Sp(2r, R) being defined as the set of 27 x 27 matrices that satisfy the condition
0 1 0 1
AeSpr, Ry — A <_1 O)A <_1 0) (2.25)
that is, using n ® n block components

ATc - Cc"A=B"D-D"B =0, ATD - C"B =1. (2.26)

To prove the statement we just made, we calculate the transformed Lagrangian £’ and
then we compare its variation (3£)/(3F'T) with G*' as it follows from the postulated
transformation rule (2.23). To perform such a calculation we rely on the following basic idea.
While the duality rotation (2.23) is performed on the field strengths and on their duals, also
the scalar fields are transformed by the action of some diffeomorphism & € Diff (Mcyiar)
of the scalar manifold and, as a consequence of that, the matrix A/ also changes. In other
words given the scalar manifold Mc,, we assume that there exists a homomorphism of
the form

ts : Diff (Mscatar) — GL(21, R) (2.27)

so that

VE € Diff (Moatar) : &' —> ¢! Fis(8) = (25 gf> € GLQ2A,R). (228
13 3

(In the sequel the subfix £ will be omitted when no confusion can arise and reinstalled when
necessary for clarity. )

Using such a homomorphism we can define the simultaneous action of £ on all the fields
of our theory by setting

¢ — E(¢),
E§:{V-—us(8)V, (2.29)

N@) — N (@),

where the notation (2.18) has been utilized. In the gauge sector the transformed Lagrangian
is

Ly =ilF 1A+ BTN (A + BN)F~
— F*T(A+ BM)YTN'(A+ BAN)FT. (2.30)

Consistency with the definition of G* requires that

N' = N'(E(@) = (C + DN($))(A+ BN (9) " (2.31)
while consistency with the definition of G~ imposes the transformation rule

N =N'¢@) = (C+DN@)A+BN@)™". (232)

It is from the transformation rules (2.31) and (2.32) that we derive a restriction on the form
of the duality rotation matrix A = ¢5(¢). Indeed by requiring that the transformed matrix A’
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be again symmetric one easily finds that A must obey Eq. (2.25), namely A € Sp(2n, R).
Consequently the homomorphism of Eq. (2.27) specializes as

t5 : Diff (Mgcalar) —> Sp(2n, R). (2.33)

Clearly, since Sp(27, R) is a finite-dimensional Lie group, while Diff (M caja; ) is infinite-
dimensional, the homomorphism ¢5 can never be an isomorphism. Defining the Torelli group
of the scalar manifold as

Diff (Mgcalar) D Tor(Micalar) = ker s, (2.34)
we always have
dim Tor(Mscalar) = . (2.35)

The reason why we have given the name of Torelli to the group defined by Eq. (2.34) is
because of its similarity with the Torelli group that occurs in algebraic geometry.

What should be clear from the above discussion is that a family of Lagrangians as in
Eq. (2.5) will admit a group of duality-rotations/field-redefinitions that will map elements
of the family into each other, as long as a kinetic matrix N'45 can be constructed that
transforms as in Eq. (2.31). A way to obtain such an object is to identify it with the period
matrix occurring in problems of algebraic geometry. At the level of the present discussion,
however, this identification is by no means essential: any construction of A4 5 with the
appropriate transformation properties is acceptable. Note also that so far we have used the
words duality-rotations/field-redefinitions and not the word duality symmetry. Indeed the
diffeomorphisms of the scalar manifold we have considered were quite general and, as such
had no pretension to be symmetries of the action, or of the theory. Indeed the question we
have answered is the following: what are the appropriate transformation properties of the
tensor gauge fields and of the generalized coupling constants under diffeomorphisms of the
scalar manifold? The next question is obviously that of duality symmetries.

As it is the case with the difference between general covariance and isometries in the
context of general relativity, duality symmetries correspond to the subset of duality trans-
formations for which we obtain an invariance in form of the theory. In this respect, however,
we have to stress that what is invariant in form cannot be the Lagrangian but only the set of
field equations plus Bianchi identities. Indeed, while any A € Sp(2#, R) can, in principle,
be an invariance in form of Egs. (2.17), the same is not true for the Lagrangian. One can
easily find that the vector kinetic part of this latter transforms as follows:

ImF N s F % > Imf"‘gg
=Im(F~ 4G, +2F4(C"B) ,* G5
+ FACTA) 45 FF + G (DTBEGY), (2.36)
whence we conclude that proper symmetries of the Lagrangian are to be looked for only
among matrices with C = B = 0. If C # 0 and B = 0, the Lagrangian varies through

the addition of a topological density (see Eq. (6.7)). Elements of Sp(2n, R) with B # 0,
cannot be symmetries of the classical action under any circumstance.
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The scalar part of the Lagrangian, on the other hand, is invariant under all those diffeo-
morphisms of the scalar manifolds that are isometries of the scalar metric g;;. Naming
E* 1 T Mgcalar = T Mcalar the push-forward of £, this means that

VX, Y € TMscalar 8(X,Y) =g(8"X, -’;'_*Y) (2.37)

and £ is an exact global symmetry of the scalar part of the Lagrangian in Eq. (2.5). In
view of our previous discussion these symmetries of the scalar sector are not guaranteed to
admit an extension to symmetries of the complete action. Yet we can insist that they extend
to symmetries of the field equations plus Bianchi identities, namely to duality symmetries
in the sense defined above. This requires that the group of isometries of the scalar metric
T(Mgcatar) be suitably embedded into the duality group Sp(27, R) and that the kinetic
matrix A4 5 satisfies the covariance law

N(E@) = (Ck + DeN(9))(Ae + BeN (@) 7! (2.38)

3. Symplectic embeddings of homogenous spaces

A general construction of the kinetic coupling matrix A/ can be derived in the case where
the scalar manifold is taken to be a homogeneous space G/H. This is what happens in all
extended supergravities for N > 3 and also in specific instances of N = 2 theories. For
this reason we briefly review the construction of the kinetic period matrix N in the case of
homogeneous spaces. Although the basic construction was introduced in the literature by
Gaillard and Zumino in [46] and was reviewed by some of us in [31], a derivation of the
basic formulae that matches completely with the modern notations of N = 2 and N = 4
theories, such as they emerge in string compactifications and in the discussion of S-duality,
is not available, to our knowledge, in the existing literature. To make the present paper
self-contained we consider therefore essential to review such a construction in modern
gear.

The relevant homomorphism 5 (see Eq. (2.33)) becomes

is : Diff(G/H) —> Sp(2F, R). 3.1

In particular, focusing on the isometry group of the canonical metric defined on G/H :*
I(G/H) = G we must consider the embedding

ts . G — Sp(2n, R). (3.2)

That in Eq. (3.1) is a homomorphism of finite-dimensional Lie groups and as such it con-
stitutes a problem that can be solved in explicit form. What we just need to know is the
dimension of the symplectic group, namely the number 7 of gauge fields appearing in the
theory. Without supersymmetry the dimension m of the scalar manifold (namely the possible

3 Actually, in order to be true, the equation Z(G/H) = G requires that the normalizer of 1 in G be the
identity group, a condition that is verified in all the relevant examples.
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choices of G /H) and the number of vectors 7 are unrelated so that the possibilities covered
by Eq. (3.2) are infinitely many. In supersymmetric theories, instead, the two numbers m and
7 are related, so that there are finitely many cases to be studied corresponding to the possible
embeddings of given groups G into a symplectic group Sp(27, R) of fixed dimension 7.
Actually taking into account further conditions on the holonomy of the scalar manifold that
are also imposed by supersymmetry, the solution for the symplectic embedding problem is
unique for all extended supergravities with N > 3 as we have already remarked (see for
instance [31]).

Apart from the details of the specific case considered once a symplectic embedding is
given there is a general formula one can write down for the period matrix N that guarantees
symmetry (VT = A/) and the required transformation property (2.38). This is the result we
want to review. It will be useful in the sequel for comparison with the formulae of special
geometry in the case the considered special manifold is homogeneous (see Appendix C, in
particular).

The real symplectic group Sp(2n, R) is defined as the set of all real 27i x 2n matrices

A= (4 §) satisfying Eq. (2.25), namely

ATcA =, (3.3)

1
impose Eq. (3.3), we obtain the definition of the complex symplectic group Sp(2n, C). It

is a well-known fact that the following isomorphism is true:

where C = ( 0 ‘01), If we relax the condition that the matrix should be real but we still

Sp2n,R) ~ Usp(n,n) = Sp(2n, C) NU (A, n). 3.4

By definition an element S € Usp(n, i) is a complex matrix that satisfies simultaneously
Eq. (3.3) and a pseudo-unitarity condition, that is

s'cs=c, S'HS=H, 3.5)
where H = ((1) _01 ). The general block form of the matrix S is

5= (5 ;) (3.6)
and Egs. (3.5) are equivalent to

T'r-viv=1  Tiv —virT =o. 3.7
The isomorphism of Eq. (3.4) is explicitly realized by the so-called Cayley matrix

co (1 i 3
2\ —il (3.8)

via the relation

S=cAC™!, (3.9)
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which yields
T=3A4+D)-iB-0), V=4A4-D)-1iB+0). (3.10)

When we set V = 0 we obtain the subgroup U(n) C Usp(n, n), that in the real basis is
given by the subset of symplectic matrices of the form (g _AB ) The basic idea, to obtain
the general formula for the period matrix, is that the symplectic embedding of the isometry
group G will be such that the isotropy subgroup H C G gets embedded into the maximal

compact subgroup U (n), namely
G- Usp,n), GO H-U®m) C Usp(n. n). (3.11)

If this condition is realized, let L(¢) be a parametrization of the coset G/H by means of
coset representatives. Relying on the symplectic embedding of Eq. (3.11) we obtain a map

Uo(¢) Ui(@®)
Ui@) Us(e)

that associates to L(¢) a coset representative of Usp (7, 71)/ U (7). By construction if ¢" # ¢
no unitary 7 x n matrix W can exist such that

L(p) — O(9) = ( ) € Usp(n,n) (3.12)

"o w0
O(¢)—O(¢)(0 W.). (3.13)

On the other hand let £ € G be an element of the isometry group of G/H. Via the symplectic
embedding of Eq. (3.11) we obtain a Usp(n, n) matrix

_ T Vg
Sg-—(vE T*) (3.14)

such that

W, ¢) 0 ) (3.15)

850<¢>=0<s<¢)>( o WE.s

where £(¢) denotes the image of the point ¢ € G/H through & and W (£, ¢) is a suitable
U (n) compensator depending both on & and ¢. Combining Eqs. (3.15) and (3.12) with
Eqgs. (3.10) we immediately obtain:

U (E@) + Ul (5(@) = WIUS (9)(AT +iBT) + U (¢)(AT —iBD)),

Ul (E@) — U (5(¢)) = WIUS (¢)(DT —icT) — U] (¢)(DT +icM)). (3.16)
Setting
N =ilul + Ul 'wi - uh (3.17)

and using the result of Eq. (3.16) one checks that the transformation rule (2.38) is verified.
It is also an immediate consequence of the analogue of Egs. (3.7) satisfied by Up and U,
that the matrix in Eq. (3.17) is symmetric

NT=N. (3.18)
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Eq. (3.17) is the master formula derived in 1981 by Gaillard and Zumino [46]. It explains
the structure of the gauge field kinetic terms in all N > 3 extended supergravity theories
and also in those N = 2 theories where the special Kéhler manifold SM is a homogeneous
manifold G/H.

3.1. Symplectic embedding of the ST [m, n] homogeneous manifolds

Because of their relevance in superstring compactifications let us illustrate the general
procedure with the following class of homogeneous manifolds:

_sua, SO(m,n)
STm,n] = 70 SO(m)® SO(n)’

The isometry group of the ST[m, n] manifolds defined in Eq. (3.19) contains a factor
(SU(1, 1)) whose transformations act as non-perturbative S-dualities and another factor
(SO (m, n)) whose transformations act as T-dualities, holding true at each order in string
perturbation theory. The field S is obtained by combining together the dilaton D and the
axion A:

(3.19)

S=A—iexp[D], *A=e""3,B,,, (3.20)

while ¢ is the name usually given to the moduli-fields of the compactified target space.
Now in string and supergravity applications S will be identified with the complex coordi-
nate on the manifold SU(1, 1)/U (1), while ¢! will be the coordinates of the coset space
SO(@m,n)/SO(m) @ SO(n). The case ST[6, n] is the scalar manifold in N = 4 super-
gravity, while the case S7[2, n] is a very interesting instance of special Kihler manifold
appearing in superstring compactifications. Although as differentiable and metric manifolds
the spaces S7 [m, n] are just direct products of two factors (corresponding to the above-
mentioned different physical interpretation of the coordinates S and ¢'), from the point of
view of the symplectic embedding and duality rotations they have to be regarded as a single
entity. This is even more evident in the case m = 2, n = arbitrary, where the following
theorem has been proven by Ferrara and Van Proeyen [48]: S7[2, n] are the only special
Kihler manifolds with a direct product structure. The definition of special Kéhler manifolds
is given in Section 4, yet the anticipation of this result should make clear that the special
Kihler structure (encoding the duality rotations in the N = 2 case) is not a property of the
individual factors but of the product as a whole. Neither factor is by itself a special manifold
although the product is.

At this point comes the question of the correct symplectic embedding. Such a question
has two aspects:
(1) Intrinsically inequivalent embeddings.
(2) Symplectically equivalent embeddings that become inequivalent after gauging.
The first issue in the above list is group-theoretical in nature. When we say that the group
G is embedded into Sp(27n, R) we must specify how this is done from the point of view of
irreducible representations. Group-theoretically the matter is settled by specifying how the
fundamental representation of Sp(2n) splits into irreducible representations of G,
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g !
20— (P D; (3.21)
i=1

Once Eq. (3.21) is given (in supersymmetric theories such information is provided by super-
symmetry) the only arbitrariness which is left is that of conjugation by arbitrary Sp(27, R)
matrices. Suppose we have determined an embedding ¢s that obeys the law in Eq. (3.21),
then:

VS € Sp(2i,R) 1 =S o30S ! (3.22)

will obey the same law. That in Eq. (3.22) is a symplectic transformation that corresponds
to an allowed duality-rotation/field-redefinition in the abelian theory of type in Eq. (2.3)
discussed in Section 3. Therefore all abelian Lagrangians related by such transformations
are physically equivalent.

The matter changes in presence of gauging. When we switch on the gauge coupling con-
stant and the electric charges, symplectic transformations cease to yield physically equiv-
alent theories. This is the second issue in the above list. The choice of a symplectic gauge
becomes physically significant. The construction of supergravity theories proceeds in two
steps. In the first step, one constructs the abelian theory: at that level the only relevant
constraint is that encoded in Eq. (3.21) and the choice of a symplectic gauge is immaterial.
Actually one can write the entire theory in such a way that symplectic covariance is man-
ifested. In the second step one gauges the theory. This breaks symplectic covariance and
the choice of the correct symplectic gauge becomes a physical issue. This issue has been
recently emphasized by the resulits in [29] where it has been shown that whether N = 2
supersymmetry can be spontaneously broken to N = 1 or not depends on the sympiectic
gauge.

These facts being cleared we proceed to discuss the symplectic embedding of the ST
[m, n] manifolds.

Let 1 be the symmetric flat metric with signature (m, n) that defines the SO (m, n) group,
via the relation

LeSOm,n) < LTygL=n (3.23)
Both in the N = 4 and in the N = 2 theory, the number of gauge fields in the theory is
given by

# vector fields = m @ n, (3.24)
m being the number of graviphotons and n the number of vector multiplets. Hence we have

to embed SO (m, n) into Sp(2m + 2n, R) and the explicit form of the decomposition in Eq.
(3.21) required by supersymmetry is

O(m
2m + 2ns —(—ﬂn)m +n®dm+n, (3.25)
where m + n denotes the fundamental representation of SO (m, n). Eq. (3.25) is easily un-
derstood in physical terms. SO (m, n) must be a T -duality group, namely a symmetry hold-
ing true order by order in perturbation theory. As such it must rotate electric field strengths
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into electric field strengths and magnetic field strengths into magnetic field strengths. The
two irreducible representations into which the fundamental representation of the symplec-
tic group decomposes when reduced to SO(m, n) correspond precisely to electric and
magnetic sectors, respectively. In the simplest gauge the symplectic embedding satisfying
Eq. (3.25) is block-diagonal and takes the form

{s

VL € SO(m, n) (L (LTO)—‘> € Sp(2m + 2n, R). (3.26)

0

Consider instead the group SU (1, 1) ~ SL(2, R). This is the factor in the isometry group
of ST [m, n] that is going to act by means of S-duality non-perturbative rotations. Typically
it will rotate each electric field strength into its homologous magnetic one. Correspond-
ingly supersymmetry implies that its embedding into the symplectic group must satisfy the
following condition:

m+n
2m + 2n° 2R P, (3.27)

i=1

where 2 denotes the fundamental representation of SL(2, R). In addition it must commute
with the embedding of § O (m, n) in Eq. (3.26). Both conditions are fulfilled by setting

a b i al bp
v & _ 5
(C d) € SL(2,R) (Cﬂ dl) € Sp(2m + 2n, R) (3.28)

Utilizing Eqs. (3.9) the corresponding embeddings into the group Usp(m + n, m + n) are
immediately derived:
3(L+nLn)3(L —nLn)

3(L = nLn) 3(L +nLn)

€ Uspm+n,m+n), (3.29)
t v 5 (Retl+ilmsn Revl —ilmuy
v 1,1 ) .
(v t*>ESU( ) = (Revl—l—llmvn Retl —ilmtp
€ Usp(m+n,m+n),

VL € SO(m,n) <> (

where the relation between the entries of the SU (1, 1) matrix and those of the corresponding
SL(2, R) matrix are provided by the relation in Eq. (3.10).

Equipped with these relations we can proceed to derive the explicit form of the period
matrix N.

The homogeneous manifold SU (1, 1)/ U (1) can be conveniently parametrized in terms of
a single complex coordinate S, whose physical interpretation wiil be that of axion—dilaton,
according to Eq. (3 20). The coset parametrization appropriate for comparison with other
constructions (special geometry or N = 4 supergravity) is given by the family of matrices

M(S)E——l— ' _1. ~ i—-8/a+9) ‘
n®\Gi+S)/G-39) 1
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$) 41m S 3.30)
n = —_—————, .
1+ (S2+2Im$S (

To parametrize the coset SO (m, n)/SO(m) x SO(n) we can instead take the usual coset
representatives (see for instance [31])

1+ xxT)/2 X )

XT (1—}—XTX)1/2 (3.31)

L(X)= (
where the m x n real matrix X provides a set of independent coordinates. Inserting these
matrices into the embedding formulae of Egs. (3.29) we obtain a matrix

Uo(S. X) ULS. X)

+ 0 .

) e Usp(n+m,n+m) (3.32)

that when inserted into the master formula of Eq. (3.17) yields the following result:
N =ilmSnL(X)LT(X)n + Re S. (3.33)

Alternatively, remarking that if L(X) is an §O (m, n) matrix also L(X) = nL(X)n is such
a matrix and represents the same equivalence class, we can rewrite (3.33) in the simpler
form

N =iIlmSL(X)YL"(X) + Re Sn. (3.34)

4. Special Kihler geometry

The first discovery that the self-interaction of Wess—Zumino multiplets is governed by
Kihler geometry is due to Zumino [49] Independently, the parametrization of the coupling of
Wess~Zumino multiplets to supergravity in terms of a real function, later identified with the
Kihler potential, was obtained in [50,51], shortly after that supergravity had been discovered
by Freedman et al. [52] and recast in first-order formalism by Deser and Zumino [53].

The complete form of standard N = 1 supergravity, determined by means of the super-
conformal calculus, was obtained in [54], while the geometric interpretation of the coupling
structure is due to Bagger and Witten [55,56].

Special Kdhler geometry in special coordinates was introduced in 198485 by Wit et al.
in [34,57] and Cremmer et al. in [58], where the coupling of N = 2 vector multiplets
to N = 2 supergravity was fully determined. The more intrinsic definition of special
Kihler geometry in terms of symplectic bundles is due to Strominger [59], who obtained
it in connection with the moduli spaces of Calabi—Yau compactifications. The coordinate-
independent description and derivation of special Kihler geometry in the contextof N = 2
supergravity is due to Castellani et al. [27] and to D’ Auria et al. [24]. Recently Ceresole
et al. [4] have shown how one can and in important instances must dispense of the notion
of holomorphic prepotential F(X). Let us begin by reviewing the notions of Kéhler and
Hodge-Kéihler manifolds that are the prerequisites to introduce the notion of special Kahler
manifolds. Once again we do this in order to fix our notations.
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4.1. Hodge—Kdhler manifolds

Consider a line bundle £L—> M over a Kihler manifold. By definition this is a holomor-
phic vector bundle of rank r = 1. For such bundles the only available Chern class is the
first one:

(L) = -21;5(}:“‘3}1) - iﬁa logh, 4.1)

where the one-component real function 4(z, 7) is some hermitian fibre metric on L. Let
f(z) be a holomorphic section of the line bundle £: noting that under the action of the
operator 39 the term log(£ (Z)&(z)) yields a vanishing contribution, we conclude that the
formula in Eq. (4.1) for the first Chern class can be re-expressed as follows:

ci(f) = %53 log [1§@) II%, (4.2)
e

where || £(z) ||2= h(z, 2)E(2)&(z) denotes the norm of the holomorphic section £(z).

Eq. (4.2) is the starting point for the definition of Hodge—K#hler manifolds, an essential
notion in supergravity theory.

A Kihler manifold M is a Hodge manifold if and only if there exists a line bundle
L —> M such that its first Chern class equals the cohomology class of the Kéhler 2-form
K

c1(L) = [K]. (4.3)

In local terms this means that there is a holomorphic section W (z) such that we can write

i . N
K=—gi»dz A dzl" = —3dalog|| W(z) | . 4.4
2ng’f Z Adz 7 ogll W) |l 4.4)

Recalling the local expression of the Kéhler metric in terms of the Kiahler potential g =
9;0;+K(z, 7), it follows from Eq. (4.4) that if the manifold M is a Hodge manifold, then the
exponential of the Kihler potential can be interpreted as the metric 4(z, Z) = exp(K(z, 7))
on an appropriate line bundle L.

This structure is precisely that advocated by the Lagrangian of N = 1 matter coupled
supergravity: the holomorphic section W (z) of the line bundle £ is what, in N = 1 super-
gravity theory, is named the superpotential and the logarithm of its norm log || W(z) ||2=
K(z,2) +log |W(@)|? = G(z,2) is precisely the invariant function in terms of which one
writes the potential and Yukawa coupling terms of the supergravity action (see [54] and for
areview [31]).

4.2. Special Kahler manifolds: General discussion

There are in fact two kinds of special Kéhler geometry: the local and the rigid one.
The former describes the scalar field sector of vector multiplets in N = 2 supergravity
while the latter describes the same sector in rigid N = 2 Yang-Mills theories. Since
N = 2includes N = | supersymmetry, local and rigid special Kdhler manifolds must
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be compatible with the geometric structures that are, respectively, enforced by local and
rigid N = ] supersymmetry in the scalar sector. The distinction between the two cases
deals with the first Chern class of the line bundle £L—— M, whose sections are the possible
superpotentials. In the local theory ¢ (£) = [K] and this restricts M to be a Hodge—Kihler
manifold. In the rigid theory, instead, we have c|(£) = 0. At the level of the Lagrangian
this reflects into a different behaviour of the fermion fields. The latter are sections of £'/2
and couple to the canonical hermitian connection defined on L:

1 . _ _ .
6 =h'on= Ea,»h dz’, 6 =h'9n= Eai.h dz’", (4.5)

In the local case where
[00] = ¢ (L) = [K], (4.6)

the fibre metric # can be identified with the exponential of the Kahler potential and we
obtain

6 = 3K = 9;Kdz, 6 = 9K = 9.Kd7". (4.7)

In the rigid case, £ is instead a flat bundle and its metric is unrelated to the Kéhler potential.
Actually one can choose a vanishing connection

6=6=0. (4.8)

The distinction between rigid and local special manifolds is the N = 2 generalization
of this difference occurring at the N = 1 level. In the N = 2 case, in addition to the
line bundle £ we need a flat holomorphic vector bundle SV — M whose sections can
be identified with the superspace fermi—fermi components of electric and magnetic field
strengths (see Appendix B). In this way, according to the discussion of previous sections
the diffeomorphisms of the scalar manifolds will be lifted to produce an action on the
gauge-field strengths as well. In a supersymmetric theory where scalars and gauge fields
belong to the same multiplet this is a mandatory condition. However, this symplectic bundle
structure must be made compatible with the line-bundle structure already requested by N =
1 supersymmetry. This leads to the existence of two kinds of special geometry. Another
essential distinction between the two kinds of geometries arises from the different number
of vector fields in the theory. In the rigid case this number equals that of the vector multiplets
so that

# vector fields = n = n,
# vector multiplets = n = dim¢ M (4.9)
rank SV = 2n = 2n.

On the other hand, in the local case, in addition to the vector fields arising from the vector
multiplets we have also the graviphoton coming from the graviton multiplet. Hence we
conclude:
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#vectorfields = n=n+1,
# vector multiplets = n = dimg M, (4.10)
rank SV = 2n =2n + 2.

In the sequel we make extensive use of covariant derivatives with respect to the canonical
connection of the line bundle £. Let us review its normalization. As it is well known there
exists a correspondence between line bundles and U (1)-bundles. If exp[ fo5(2)] is the tran-
sition function between two local trivializations of the line bundle £ — M, the transition
function in the corresponding principal U (1)-bundle if —> M is just exp[iIm f,5(z)] and
the Kihler potentials in two different charts are related by

Kg =Ko+ fap + fap- 4.11)
At the level of connections this correspondence is formulated by setting
U(1)-connection = Q = Im6 = —i(6 — 6). (4.12)

If we apply the above formula to the case of the U (1)-bundle f — M associated with
the line bundle £ whose first Chern class equals the Kahler class, we get

Q= —}i@KdZ — 9K dz"). (4.13)
Let now @(z, 7) be a section of U{”. By definition its covariant derivative is

Vo =d+ipQ)® (4.14)
or, in components,

Vid = (3 + 1p3i )P, Vie® = (9 — §pdK)D. (4.15)

A covariantly holomorphic section of I/ is defined by the equation: Vi+@ = 0. We can
easily map each section @ (z, z) of U” into a section of the line bundle £ by setting

& =e PK20, (4.16)
With this position we obtain
Vid = (3 + pdK)P, Vied = pnd. (4.17)

Under the map of Eq. (4.16) covariantly holomorphic sections of ¢ flow into holomorphic
sections of £ and vice versa.

4.3. Special Kdhler manifolds: The local case

We are now ready to give the definition of local special Kdhler manifolds and illustrate
their properties. A first definition that does not make direct reference to the symplectic
bundle is the following:
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Definition 4.1. A Hodge—Kahler manifold is Special Kdhler (of the local type) if there
exists a completely symmetric holomorphic 3-index section W;;; of (T* M) ® £? (and
its antiholomorphic conjugate W;«;+«) such that the following identity is satisfied by the
Riemann tensor of the Levi-Civita connection:

= Wijk = 0, O Wi jreix = 0,
VimWipjx = 0, Vim Wir)jor = 0, (4.18)
Ri*j/*k = 8% Bki* +gl"kgji* — CZK:Wi*[*s“Wtkng "

In the above equations V denotes the covariant derivative with respect to both the Levi-
Civita and the U (1) holomorphic connection of Eq. (4.13). In the case of W, the U (1)
weightis p = 2.

The holomorphic sections W;j; have two different physical interpretations in the case
that the special manifold is utilized as scalar manifold in an N = 1 or N = 2 theory. In the
first case they correspond to the Yukawa couplings of Fermi families [60]. In the second
case they provide the coefficients for the anomalous magnetic moments of the gauginos,
since they appear in the Pauli-terms of the N = 2 effective action. Out of the W;;; we can
construct covariantly holomorphic sections of weight 2 and —2 by setting

Cijk = Wijre™, Cis jrkr = Wie e (4.19)

Next we can give the second more intrinsic definition that relies on the notion of the fiat
symplectic bundle. Let £ —> A denote the complex line bundle whose first Chern class
equals the Kihler form K of an n-dimensional Hodge-Kihler manifold M. Let SV — M
denote a holomorphic flat vector bundle of rank 2n 42 with structural group Sp(2rn+ 2, R).
Consider tensor bundles of the type H = SV ® L. A typical holomorphic section of such
a bundle will be denoted by 2 and will have the following structure:

xA
.Q:( ), A, XY =01,....n (4.20)
Fy

By definition the transition functions between two local trivializations U; C M and U; C
M of the bundle H have the following form:

X — ofii M. X
() =), wan

where f;; are holomorphic maps U; NU; — C while M;; is aconstant Sp(2n+2, R) matrix.
For a consistent definition of the bundle the transition functions are obviously subject to the
cocycle condition on a triple overlap,

efutfictfu =1, M;MjMy = 1. (4.22)

Leti({| ) be the compatible hermitian metric on ‘H

e AL
HUR2) = —in (_l O)sz. (4.23)
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Definition 4.2. We say that a Hodge—Kihler manifold M is special Kdihler of the local
type if there exists a bundle H of the type described above such that for some section
2 € I'(H, M) the Kihler 2-form is given by

K= L3510g(i<9|§, )). (4.24)
2

From the point of view of local properties, Eq. (4.24) implies that we have an expression
for the Kihler potential in terms of the holomorphic section £2,

K= —log(i{|2)) = — 1og[i(YAFA —FxX?) (4.25)

The relation between the two definitions of special manifolds is obtained by introducing a
non-holomorphic section of the bundle H according to

A A
V= (AI}E) = K20 = k12 ();E ) (4.26)

so that Eq. (4.25) becomes
. - . A — x
1=i(VIV) =i "Ms—MsL"%). 4.27)
Since V is related to a holomorphic section by Eq. (4.26) it immediately follows that
VieV = (3 — 39K)V = 0. (4.28)

On the other hand, from Eq. (4.27), defining

A
Ui=ViV =+ 38KV = <hf;|-)’ (4.29)

it follows that
ViU; = iCijg® Up, (4.30)

where V; denotes the covariant derivative containing both the Levi-Civita connection on the
bundle 7'M and the canonical connection 6 on the line bundle £. In Eq. (4.30) the symbol
Ciji denotes a covariantly holomorphic ( V;«C; ;. = 0) section of the bundle 7 M 3® L2 that
is totally symmetric in its indices. This tensor can be identified with the tensor of Eq. (4.19)
appearing in Eq. (4.18). Alternatively, the set of differential equations:

v,V = U, (4.31)
ViU = iCijrg" Uy, (4.32)
ViU = ginj V, (4.33)
ViV =0 (4.34)

with V satisfying Eqs. (4.26) and (4.27) give yet another definition of special geometry. This
is actually what one obtains from the N = 2 solution of Bianchi identities (see Appendix A).
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In particular it is easy to find Eq. (4.18) as integrability conditions of (4.34). The period
matrix is now introduced via the relations

— — __E R
Ma=NasL™, hyi=Nasf”, (4.35)

which can be solved introducing the two (n + 1) x (n + 1) vectors

A
A [ f _{ hay
f‘[ - (-EA ) ) hA|1 - <_MA ) (436)

and setting
Naz=haro(f Hs. (4.37)

As a consequence of its definition the matrix A transforms, under diffeomorphisms of the
base Kihler manifold exactly as it is requested by the rule in Eq. (2.38). Indeed this is the
very reason why the structure of special geometry has been introduced. The existence of
the symplectic bundle H — M is required in order to be able to pull back the action of
the diffeomorphisms on the field strengths and to construct the kinetic matrix N

From the previous formulae it is easy to derive a set of useful relations among which we
quote the following [20]:

ImN s LAT" = -4, (4.38)
(V.U = (V,Ups) =0, (4.39)
UAE = fAfEgY = ~Lama)~14T AL, (4.40)
gij = —i(Ui[Uj+) = =2/ m Nas . (4.41)
Cijk = (ViUj|Ux) = AN Az fiF = N = Nas f29; £ (4.42)

In particular, Eq. (4.42) express the Kdhler metric and the anomalous magnetic moments in
terms of symplectic invariants. It is clear from our discussion that nowhere we have assumed
the base Kihler manifold to be a homogeneous space. So, in general, special manifolds are
not homogeneous spaces. Yet there is a subclass of homogenous special manifolds. The
homogeneous symmetric ones were classified by Cremmer and Van Proeyen in [61] and
are displayed in Table 1. It goes without saying that for homogeneous special manifolds the
two constructions of the period matrix, that provided by the master formula in Eq. (3.17)
and that given by Eq. (4.37) must agree. In Appendix C we shall briefly verify it in the case
of the manifolds S7(2, n] that correspond to the second infinite family of homogeneous
special manifolds displayed in Table 1.

Anyhow, since special geometry guarantees the existence of a kinetic period matrix with
the correct covariance property it is evident that to each special manifold we can associate a
duality covariant bosonic Lagrangian of the type considered in Eq. (2.5). However, special
geometry contains more structures than just the period matrix A and the scalar metric g;;=.
All the other items of the construction do have a place and play an essential role in the
supergravity Lagrangian and the supersymmetry transformation rules.
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Table 1

Homogeneous symmetric special manifolds

n G/H Sp(2n +2) Symp. rep. of G

1 SUW, /UM Sp4) 4

n SU(1,n)/SU®@R) x U(1) Sp@2n +2) n+lon+1
n+1 (SUW, D/U)) ® (SOQ2,n)/SO2) x SO(n)) Sp(2n + 4) 20(n+2an+2)
6 Sp6,R)/SUB) x U(1) Sp(14) 4

9 SU3,3)/S(U3) x UB3)) Sp(20) 20

15 SO*(12)/SU6) x U(1) Sp(32) 32

27 Ey_6y/Ee x SO(2) Sp(56) 56

4.4. Special Kihler manifolds: The rigid case

Let M be a Kihler manifold with dimcM = n and let £ — M be a flat line bundle
c1(L£) = 0.* Let SV —> M denote a holomorphic flat vector bundle of rank 2n with
structural group I Sp(2n, R). Consider tensor bundles of the type H = SV ® L. A typical
holomorphic section of such a bundle will be denoted by £2 and will have the following
structure:

vl
Q:( ) I,J=1,...,n. (4.43)
Fy
By definition the transition functions between two local trivializations U; C M and U; C
M of the bundle H have the following form:

Y o~ Y
(F),- e JM,J(F)j, (4.44)

where f, j € C are purely imaginary complex numbers while M, j denotes the action of an
element (M c) € ISp(2n,R) on 2. Misa symplectic matrix Me Sp(2n,R) and cis a
n-vector,

~ Y ~ (Vv 0
(M c)<F> :M(F)+<c> . (4.45)

For a consistent definition of the bundle the transition functions are obviously subject to the
cocycle condition on a triple overlap

efij+fjk+fk" = 1, A?,‘jﬁjkﬁk[ =1. (4.46)
Leti( | ) be the compatible hermitian metric on H
i((R)2) = —ieT (_01 (1))5. (4.47)

4 The holomorphic sections of £ would be the possible superpotentials if M were used as scalar manifold
inan N = 1 globally supersymmetric theory.
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Definition 4.3. We say that a Hodge~Kahler manifold M is special Kdihler of the rigid
type if there exists a bundle H of the type described above such that for some section
2 € I'(H, M) the Kihler 2-form is given by

-~
-~

i
K = ——39(i(£2]52)). (4.48)
2
Just as in the local case Eq. (4.48) yields an expression for the Kihler potential in terms of

the holomorphic section §2,

K =22 =Y F —F,¥)) (4.49)
Similarly defining
i
Uizaiﬂs(fi ), (4.50)
h i
one finds

where D; is the covariant derivative with respect to the Levi-Civita connection on 7 M
and where Cjj; is a totally symmetric holomorphic section of the bundle TM ® L%
o« Cijx = 0. Just as in the local case we may alternatively define the rigid special geometry
by the following set of differential equations:

322 =0, (4.52)
Ui=02, (4.53)
D,‘ 0j = iC,‘jkgkl'Ulr. (4~54)

The integrability condition of Eq. (4.54) is similar but different from Eq. (4.18) due to the
replacement of the covariant derivative on 7 M x £ by that on 7 M, due to the flatness of
L. We get

am*Cijk = 0, amCi*j*k* = 0§
VimCiyjk =0, VimCixjrae =0, (4.55)
Rixjirk = =CisprsxCutj g,
which are the rigid counterparts of (4.18). The definition of the period matrix is obtained
in full analogy to Eq. (4.35)

hii =N f, (4.56)
that yields
Nig=hnio(f7HY. 4.57)

Finally we observe that, exactly as in the local case, the metric and the magnetic moments
can be expressed in terms of the symplectic sections

gij = —i(UiU»), Cijk = (8 U;|Uk). (4.58)
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4.5. Special Kihler manifolds: The issue of special coordinates

So far no privileged coordinate system has been chosen on the base Kéhler manifold M
and no mention has been made of the holomorphic prepotential F(X) that is ubiquitous
in the N = 2 literature. The simultaneous avoidance of privileged coordinates and of the
prepotential is not accidental. Indeed, when the definition of special Kahler manifolds is
given in intrinsic terms, as we did in Section 4.4, the holomorphic prepotential F(X) can
be dispensed with. Whether a prepotential F(X) exists or not depends on the choice of
a symplectic gauge which is immaterial in the abelian theory but not in the gauged one.
Actually, in the local case, it appears that some physically interesting cases are precisely
instances where F(X) does not exist. On the contrary the prepotential F(X) seems to
be a necessary ingredient in the tensor calculus constructions of N = 2 theories that for
this reason are not completely general. This happens because tensor calculus uses special
coordinates from the very start. Let us then see how the notion of F(X) emerges if we resort
to special coordinate systems.

Note that under a Kihler transformation X — X+ f(z) + f (z) the holomorphic section
transforms, in the local case, as 2 — 2e~/, so that we have X4 — X4e~/. This means
that, at least locally, the upper half of £2 (associated with the electric field strengths) can be
regarded as a set X of homogeneous coordinates on M, provided that the jacobian matrix

XI
el(x) =8 (F) a=1,...,n, (4.59)

is invertible. In this case, for the lower part of the symplectic section §2 we obtain F4 =
FA(X). Recalling Egs. (4.39), in particular

0= (V|U;) = X9;Fps — 8; XAF,, (4.60)
we obtain
X*35Fa(x) = Fa(X), 4.61)

so that we can conclude

d
Fa(X) = E)—X_AF(X) (4.62)

where F(X) is a homogeneous function of degree 2 of the homogeneous coordinates X4.
Therefore, when the determinant of the Jacobian (4.59) is non-vanishing, we can use the
special coordinates

=2 (4.63)

and the whole geometric structure can be derived by a single holomorphic prepotential

F@) = (XH2FX). (4.64)
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In particular, Eq. (4.25) for the K&hler potential becomes

K(1,7) = —logi[2(F — F) — (0, F + o F)t! —17)], (4.65)
while Eq. (4.42) for the magnetic moments simplifies into

Wisk =0108,90kF(1). (4.66)

Finally we note that in the rigid case the Jacobian from a generic parametrization to special
coordinates

X[
el () = ; (F) = A+ BN (4.67)

cannot have zero eingenvalues, and therefore the function F always exists. In this case the
matrix A coincides with 82F /3 X'9X”.

5. Hypergeometry

Next we turn to the hypermultiplet sector of an N = 2 theory. Here there are four real
scalar fields for each hypermultiplet and, at least locally, they can be regarded as the four
components of a quaternion. The locality caveat is, in this case, very substantial because
global quaternionic coordinates can be constructed only occasionally even on those man-
ifolds that are denominated quaternionic in the mathematical literature [23,62]. Anyhow,
what is important is that, in the hypermultiplet sector, the scalar manifold HM has dimen-
sion multiple of 4,

dimg HM = 4m = 4# of hypermultiplets (5.

and, in some appropriate sense, it has a quaternionic structure.

As special Kdhler is the collective name given to the vector multiplet geometry both in
the rigid and in the local case, in the same way we name Hypergeometry that pertaining
to the hypermultiplet sector, irrespectively whether we deal with global or local N = 2
theories. Yet in the very same way as there are two kinds of special geometries, there are
also two kinds of hypergeometries and for a very similar reason. Supersymmetry requires
the existence of a principal SU (2)-bundle

SU — HM (5.2)

that plays for hypermultiplets the same role played by the line bundle £ — SM in the
case of vector multiplets. As it happens there the bundle SU is flat in the rigid case while
its curvature is proportional to the Kihler forms in the local case.

The difference with the case of vector multiplets is that rigid and local hypergeometries
were already known in mathematics prior to their use [26,63—-65] in the context of N = 2
supersymmetry and had the following names:

Rigid hypergeometry = hyperKihler geom.

L 5.3
Local hypergeometry = quaternionic geom.
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5.1. Quaternionic versus hyperKdhler manifolds

Both a quaternionic or a hyperKiéhler manifold HA is a 4m-dimensional real manifold
endowed with a metric A,

ds? = hup(q) dg* ® dg¥; w,v=1,....4m (5.4)
and three complex structures

I :T(HM) — T(HM) (x=1,2,3) (5.5)
that satisfy the quaternionic algebra

JE]Y = =81 4 €77 (5.6)
and with respect to which the metric is hermitian:

VX, Y e THM, w(J*X,J'Y)=hX.,Y) (x=1,23). (5.7)
From Eq. (5.7) it follows that one can introduce a triplet of 2-forms

K* =K}, dg" A dq®, K}, = huw(J)Y (5.8)

that provides the generalization of the concept of Kdhler form occurring in the complex case.
The triplet K* is named the hyperKdhler form. It is an SU (2) Lie-algebra valued 2-form in
the same way as the Kéhler form is a U (1) Lie-algebra valued 2-form. In the complex case
the definition of K#hler manifold involves the statement that the K#hler 2-form is closed. At
the same time in Hodge—Kéhler manifolds (those appropriate to local supersymmetry) the
Kdihler 2-form can be identified with the curvature of a line bundle which in the case of rigid
supersymmetry is flat. Similar steps can be taken here also and lead to two possibilities:
either hyperKihler or quaternionic manifolds.

Let us introduce a principal SU(2)-bundle S as defined in Eq. (5.2). Let @ denote a
connection on such a bundle. To obtain either a hyperKihler or a quaternionic manifold we
must impose the condition that the hyperKahler 2-form is covariantly closed with respect
to the connection w*

VK* = dK* + €0’ A K* = 0. 5.9

The only difference between the two kinds of geometries resides in the structure of the
SU-bundle.

Definition 5.1. A hyperKihler manifold is a 4m-dimensional manifold with the structure
described above and such that the Si/-bundle is flar.

Defining the Sl{-curvature by

Q% = do* + 36V A&’ (5.10)
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in the hyperKahler case we have
22'=0 (5.11)

and vice versa.

Definition 5.2. A quaternionic manifold is a 4m-dimensional manifold with the structure
described above and such that the curvature of the SI/-bundle is proportional to the hy-
perKihler 2-form.

Hence, in the quaternionic case we can write
F = 1K* (5.12)

where A is a non-vanishing real number.
As a consequence of the above structure the manifold H .M has a holonomy group of the
following type:

Hol(HM) = SUQ2) ® H (quaternionic),
Hol(HM) = 1®@ H (hyperKahler), (5.13)
H C SpQ2m, R).

In both cases, introducing flat indices {A, B,C = 1,2Ha, B,y = 1,...,2m} that run,
respectively, in the fundamental representations of SU(2) and Sp(2m, R), we can find a
vielbein 1-form

U = U (q)dg* (5.14)
such that
By = UL UBPCypens, (5.15)

where Cop = —Cpo and €43 = —epa are, respectively, the flat Sp(2m) and Sp(2) ~
SU (2) invariant metrics. The vielbein 44 is covariantly closed with respect to the SU (2)-
connection w* and to some Sp(2m, R) Lie-algebra valued connection AP = AP,

VUA" = AU + Liw® (core G AUPY + A% AUAY Ty, =0, (5.16)
where (o* )ﬁ are the standard Pauli matrices. Furthermore 14 “ satisfies the reality condition
Urg = UA)* = eapCapldB?. (5.17)

Eq. (5.17) defines the rule to lower the symplectic indices by means of the flat symplectic
metrics € 4 p and C,g. More specifically we can write a stronger version of Eq. (5.15) {56]:

(uf“ufﬂ + Ll,f“’l/{fﬂ)@aﬂ = hquABv

1 (5.18)
U UBP + UrUBPYepp = hyy—C*P.

m
We have also the inverse vielbein I/} , defined by the equation

UL Ure = st (5.19)
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Flattening a pair of indices of the Riemann tensor R}’ we obtain

REUSAULE = — 112} eAC (0,) BCH + RV A, (5.20)
where Rfsﬂ is the field strength of the Sp(2m) connection

dA + A% A A%C,; = RY =R dg' A dg°. (5.21)

Eq. (5.20) is the explicit statement that the Levi-Civita connection associated with the metric
h has a holonomy group contained in SU (2) ® Sp(2m). Consider now Eqgs. (5.6), (5.8) and
(5.12). We easily deduce the following relation:

KE KD, = =8V hyy + €7°K}, (5.22)

that holds true both in the hyperKihler and in the quaternionic case. In the latter case, using
Eqgs. (5.12), (5.22) can be rewritten as follows:

R Q2E 20 = —A28 by + AESVIQE (5.23)

Eq. (5.23) implies that the intrinsic components of the curvature 2-form §2* yield a represen-
tation of the quaternion algebra. In the hyperKéhler case such a representation is provided
only by the hyperKihler form. In the quaternionic case we can write

Qo pp = Ui Ups = —iACaplox)Gecs. (5.24)
Alternatively, Eq. (5.24) can be rewritten in an intrinsic form as

2% = —irCap(ox)SecsU™ AUPE, (5.25)
whence we also get

1 i0* B __ Ba

51827 (0x) g = Adae ANUTE. (5.26)

Homogeneous symmetric quaternionic spaces are displayed in Table 2.

Table 2

Homogeneous symmetric quaternionic manifolds

m G/H

m Sp(2m + 2)/Sp(2) x SP(2m)

m SU(m,2)/SU(m) x SUQ2) x U(1)
m S04, m)/SO4) x SO(m)

2 G2/504)

7 Fa/5p(6) x Sp(2)

10 Es/SU(6) x U(1)

16 E7/80(12) x SU(2)

28 Eg/E7 x SU(2)
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6. The Gauging

With the above discussion of hyperKihler and quaternionic manifolds we have completed
the review of the geometric structures involved in the construction of an abelian, ungauged
N = 2 supergravity or of an abelian N = 2 rigid gauge theory. As we are going to see
in Section 8, the bosonic Lagrangian of N = 2 supergravity coupled to n abelian vector
multiplets and m hypermultiplets is the following:

SUGRA|B — o —f* ,
‘Cungaugetli * = V/=2[RIg] + gij*(2, D" 2,7 — Mhun(q)8q" uq"
FIN Ap F A F 2 — Nyp FRAFHEI), (6.1)

where the n complex fields z* span some special Kdhler manifold of the local type SM and
the 4m real fields ¢* span a quaternionic manifold HM. By g« and h,,, we have denoted the
metrics on these two manifolds. The proportionality constant between the SU (2) curvature
and the hyperKihler form appearing in the Lagrangian is fixed to the value A = —1 if
we want canonical kinetic terms for the hypermultiplet scalars. The period matrix A4z
depends only on the special manifold coordinates ', 7/ and it is expressed in terms of
the symplectic sections of the flat symplectic bundle by Eq. (4.37). On the other hand the
bosonic Lagrangian of a rigid N = 2 abelian gauge theory containing n vector multiplets
and coupled to m hypermultiplets is the following one:

YM|Bose
ungauged

=g1;-(2, 22 8,7 + huv(9)8" 4" 3,q"
HIN  Fod FIWY - Ny Fl PR, (6.2)

Hv

where the n complex fields z' span some special Kihler manifold of the rigid type SM
and the 4m real fields ¢¥ span a hyperKahler manifold HM. By g;;+ and k,, we have
denoted the metrics on these two manifolds. The period matrix N;; depends only on the
special manifold coordinates z’, z/" and it is expressed in terms of the symplectic sections
of the flat symplectic bundle by Eq. (4.57). In both theories there are no electric or magnetic
currents and we have on-shell symplectic covariance. By means of the first homomorphism
in Eq. (2.33) any diffeomorphism of the scalar manifold can be lifted to a symplectic
transformation on the electric-magnetic field strengths, the period matrix transforming, by
construction, covariantly as required by Eq. (2.38). Under this lifting any isometry of the
scalar manifold becomes a symmetry of the differential system made by the equations of
motions plus Bianchi identities. There are in fact three types of these isometries:

(1) The classical symmetries, namely those isometries & € Z{Mcalar) Whose image in the

symplectic group is block-diagonal:

A 0
1) =< s AT ) (6.3)

These transformations are exact ordinary symmetries of the Lagrangian. They clearly
form a subgroup

Clas(Megcatar) C Z(Micalar)- (6.4)
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The perturbative symmetries, namely those isometries § € Z(Mgca1ar) Whose image in
the symplectic group is lower triangular:
Ag 0
,5(§) = ( - ) (6.5)
Ce (ap™!

These transformations map the electric field strengths into linear combinations of the
electric field strengths and can be reduced to linear transformations of the gauge poten-
tials. They are almost invariances of the action. Indeed the only non-invariance comes
from the transformation of the period matrix

N — ADTNA) ™ +Ce(ah™. (6.6)

Denoting collectively all the fields of the theory by @ and utilizing Egs. (2.5), (2.8),
(2.10), (2.11) and (2.38), under a perturbative transformation the action changes as
follows:

/£(¢)d4x - /£(¢’)d4x+A0A;/FA AFZ,
Abp5 = 3[Ce(AD) as.

The added term is a total derivative and does not affect the field equations. Quan-
tum mechanically, however, it is relevant. It corresponds to a redefinition of the theta-
angle. It yields a symmetry of the path-integral as long as the added term is an integer
multiple of 2sr#. This consideration will restrict the possible perturbative transforma-
tions to a discrete subgroup. In any case the group of perturbative isometries defined
by Eq. (6.5) contains the group of classical isometries as a subgroup: Z(Mgcalar) D
Pert(Mscatar) O Clas(Mscalar).

6.7)

The non-perturbative symmetries namely those isometries § € Z(Mca1ar) Whose image
in the symplectic group is of the form
_(A¢ Be
(&) = (CE D; ) (6.8)

with Bg # 0. These transformations are neither a symmetry of the classical action nor
of the perturbative path integral. Yet they are a symmetry of the quantum theory. They
exchange electric field strengths with magnetic ones, electric currents with magnetic
ones and hence elementary excitations with soliton states.

The above discussion of duality symmetries may be intriguing for the following reason.
How can we talk about non-perturbative symmetries that exchange electric charges with
magnetic charges if, so far, in the abelian theories described by Eqs. (6.1) and (6.2) there
are neither electric nor magnetic couplings? The answer is that the same general form of
abelian theories encoded in these equations can be taken to represent two quite different
things:

ey

The fundamental theory prior to the gauging. It is neutral and abelian since the non-
abelian interactions and the electric charges are introduced only by the gauging, but it
contains all the fundamental fields.
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(2) The effective theory of the massless modes of the non-abelian theory. It is abelian and
neutral because the only fields which remain massless are, apart from the graviton,
the multiplets in the Cartan subalgebra H C G of the gauge group and the neutral
hypermultiplets corresponding to flat directions of the scalar potential.

What distinguishes the two cases is the type of scalar manifolds and their isometries.

In case (1) we have:

dimcSM =n =dimgG,

1dimgHM = 7 = #of all hypermul. (6.9)
while in case (2) we have instead:
dimgcSM =r =
img SM =r =rank G, 6.10)

%dimRHM = m = # of moduli hypermul.

As far as the gauging of the N = 2 theory is concerned, the problem consists in identifying
the gauge group G as a subgroup, at most of dimension n + | of the isometries of the product
space

SM x HM. (6.1

Here we shall mainly consider two cases even if more general situations are possible.
The first is when the gauge group G is non-abelian, the second is when it is the abelian
group G = U(1)"V*+!. In the first case supersymmetry requires that G be a subgroup of
the isometries of M, since the scalars (more precisely, the sections L") must belong to the
adjoint representation of G. In such a case the hypermultiplet space will generically split
into [35}

1
ne=) niR,-+§§ nf RE, (6.12)
i {

where R; and R,P are a set of irreducible representations of G and R,P denote pseudoreal
representations.

In the abelian case, the special manifold is not required to have any isometry and if the
hypermultiplets are charged with respect to the ny + 1 U (1)’s, then the Q manifold should
at least have ny + 1 abelian isometries.

As a consequence of gauging the Lagrangians in Egs. (6.1) and (6.2) get modified by the
replacement of ordinary derivatives with covariant derivatives and by the introduction of
new terms that are of two types:

(1) Fermion-fermion bilinears with scalar field dependent coefficients.

(2) A scalar potential V.

It is particularly nice and rewarding that all the modifications of the Lagrangian and of the
supersymmetry transformation rules can be described in terms of a very general geometric
construction associated with the action of Lie groups on manifolds that admit a symplectic
structure: the momentum map. In supersymmetry indeed, the geometric notion of momentum
map has an exact correspondence with the notion of gauge multiplet auxiliary fields or
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D-fields. Section 7 is devoted to a review of the momentum map and to its applications in
N = 2 theories.

7. The momentum map

The momentum map is a construction that applies to all manifolds with a symplectic
structure, in particular to Kahler, hyperKéhler and quaternionic manifolds.

Let us begin with the Kéahler case, namely with the momentum map of holomorphic
isometries. The hyperKihler and quaternionic case correspond, instead, to the momentum
map of triholomorphic isometries.

7.1. Holomorphic momentum map on Kihler manifolds

Let g; j» be the Kéhler metric of a Kéhler manifold M: it appears in the kinetic term of
the scalar fields: the Wess—Zumino multiplet scalars in N = 1 theories, the vector multiplet
scalars in N = 2 theories. If the metric g; j« has a non-trivial group of continuous isometries
G generated by Killing vectors ki\ (A =1,...,dimG), then the kinetic Lagrangian admits
G as a group of global space-time symmetries. Indeed under an infinitesimal variation

=7+ e (2), (7.1)

Lxin remains invariant. Furthermore if all the couplings of the scalar fields are performed in
a diffeomorphic invariant way, then any isometry of g; ;» extends from a symmetry of Lyin
to a symmetry of the whole Lagrangian. Diffeomorphic invariance means that the scalar
fields can appear only through the metric, the Christoffel symbol in the covariant derivative
and through the curvature. Alternatively they can appear through sections of vector bundles
constructed over M. Typical case is the dependence on the scalar fields introduced by the
period matrix N.

Let ki\ (z) be a basis of holomorphic Killing vectors for the metric g; ;». Holomorphicity
means the following differential constraint:

3j+kiy(z) = 0 o 3k’ (2) =0, (7.2)
while the generic Killing equation (suppressing the gauge index A)

Vuky +Vyk, =0 (7.3)
in holomorphic indices reads as follows:

Vik; + Vik; =0, Vixkj + Vikix = 0, (7.4)

. ' . .
where the covariant components are defined as k; = g;;=k' (and similarly for ;).
The vectors k!, are generators of infinitesimal holomorphic coordinate transformations

87" = ey (2), (7.5)
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which leave the metric invariant. In the same way as the metric is the derivative of a more
fundamental object, the Killing vectors in a Kihler manifold are the derivatives of suitable
prepotentials. Indeed the first of Eqs. (7.4) is automatically satisfied by holomorphic vectors
and the second equation reduces to the following one:

klA — igij*aj*,PA, Pj‘ — PA- (76)

In other words if we can find a real function P4 such that the expression igif *aj*P( A) 18
holomorphic, then Eq. (7.6) defines a Killing vector.

The construction of the Killing prepotential can be stated in a more precise geometrical
formulation which involves the notion of momentum map. Let us review this construction
which reveals another deep connection between supersymmetry and geometry.

Consider a Kédhlerian manifold M of real dimension 2n. Consider a compact Lie group
G acting on M by means of Killing vector fields X which are holomorphic with respect to
the complex structure J of M; then these vector fields preserve also the Kéhler 2-form

Exg =0 < V(/,LXU) =0

Ly =0 = 0=LxK =ixdK + d(ixK) = d(ixX).
(1.1

Here L£x and iy denote, respectively, the Lie derivative along the vector field X and the
contraction (of forms) with it.
If M is simply connected, d(ix K) = O implies the existence of a function Py such that

1
——dPx = ixK. (7.8)
2

The function Py is defined up to a constant, which can be arranged so as to make it
equivariant,

XPy = Pix.v)- (7.9)
Py constitutes then a momentum map. This can be regarded as a map
P:M— R®G*, (7.10)

where G* denotes the dual of the Lie algebra G of the group G. Indeed let x € G be the Lie
algebra element corresponding to the Killing vector X; then, for a given m € M

wim) :x — Px(m) e R (7.1D)

is a linear functional on G. If we expand X = a’k, in a basis of Killing vectors k 4 such
that

lka,krl = farka, (7.12)
we also have

Py = a'P,. (7.13)
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In the following we use the shorthand notation L4, i 4 for the Lie derivative and the con-
traction along the chosen basis of Killing vectors & 4.

From a geometrical point of view the prepotential, or momentum map, P, is the
Hamiltonian function providing the Poissonian realization of the Lie algebra on the Kéhler
manifold. This is just another way of stating the already mentioned equivariance. Indeed
the very existence of the closed 2-form K guarantees that every Kihler space is a symplectic
manifold and that we can define a Poisson bracket.

Consider Egs. (7.6). To every generator of the abstract Lie algebra G we have associated
a function P4 on M; the Poisson bracket of P4 with Py is defined as follows:

{Pa,Psl=4nK(A, %), (7.14)

where K (A, X) = K(k4, kyx) is the value of K along the pair of Killing vectors.
In [24] we proved the following lemma.

Lemma 7.1. The following identity is true:
{Pa, Pr) = fagPr +Cax. (7.15)
where C 55 is a constant fulfilling the cocycle condition

fanCrs + fhsCra+ fL,Crn =0. (7.16)

If the Lie algebra G has a trivial second cohomology group H?(G) = 0, then the cocycle
C 4z is a coboundary; namely we have

Caz = fAsCr, (7.17)

where Cr are suitable constants. Hence, assuming H 2(G) = 0 we can reabsorb C in the
definition of P4y,

Par—>Pp+Cy (7.18)
and we obtain the stronger equation
(P4, Px} = fasPr. (7.19)

Note that H2(G) = 0 is true for all semi-simple Lie algebras. Using Eqgs. (7.15), (7.19) can
be rewritten in components as follows:

Ligijr ks — Kkl ) = L FioPr. (7.20)

Eq. (7.20) is identical with the equivariance condition in Eq. (7.9).

Comparing the definition of the Kihler potential in Eq. (D.17) with the definition of the
momentum function in Eq. (7.6), we obtain an expression for the momentum map function
in terms of derivatives of the Kihler potential

iPy = L 8K — k83 K) = kL 3K = —k'{ ;K. (7.21)
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Eq. (7.21) is true if the Kihler potential is exactly invariant under the transformations of
the isometry group G and not only up to a Kéhler transformation as defined in Eq. (D.18).
In other words Eq. (7.21) is true if

0= LK = kL, 3K + Ky ;- K. (7.22)

Not all the isometries of a general Kdhler manifold have such a property, but those that, in a
suitable coordinate frame, display a linear action on the coordinates certainly do. However,
in Hodge-Kihler manifolds, Eq. (7.22) can be replaced by the following one which is
certainly true:

0=LAG =Kk,3;G + k3G,

7.23
G(z.7) =log | W) I*= K(z.7) + Re W(2), (7.23)

where the superpotential W(z) is any holomorphic section of the Hodge line bundle. In-
deed the transformation under the isometry of the Kahler potential is compensated by the
transformation of the superpotential. Consequently, in Hodge—~K#hler manifolds equation
(7.21) can be rewritten as

iPy = 3(kY3G — Kk 3:G) = k,3,G = —k'{ 3G (7.24)

and holds true for any isometry.

In N = | supersymmetry the Kdhlerian momentum maps Pr appear as auxiliary fields
of the vector multiplets. For N = 1 supergravity the scalar manifold is of the Hodge type
and Eq. (7.24) can always be employed.

On the other hand, in N = 2 supersymmetry the auxiliary fields of the vector multiplets,
that form an SU (2) triplet, are given by the momentum map of triholomorphic isometries on
the hypermultiplet manifold (hyperKéhlerian or quaternionic depending on the local or rigid
nature of supersymmetry). The triholomorphic momentum map is discussed in Section 7.3.
Yet, although not identified with the auxiliary fields, the holomorphic momentum map plays
a role also in N = 2 theories in the gauging of the U (1) connection (4.13), as we show
shortly from now.

7.2. Holomorphic momentum map on special Kdhler manifolds

Here the Kidhler manifold is not only Hodge but it is special. Correspondingly we can
write a formula for P4 in terms of symplectic invariants. In this context, to distinguish
the holomorphic momentum map from the triholomorphic one P that carries an SU(2)
index x = 1, 2, 3, we adopt the notation Pg. The request that the isometry group should be
embedded into the symplectic group is formulated by writing

LAV =K 8V +E 3V =TV + Vfa(2), (7.25)
where V is the covariantly holomorphic section of the vector bundle H — M defined in

Eq. (4.27),

Ty = (“" b") € Sp(2n +2.R) (7.26)
CA dA
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is some element of the real symplectic Lie algebra and f4 (z) corresponds to an infinitesimal
Kihler transformation.

The classical or perturbative isometries (b4 = 0) that are relevant to the gauging proce-
dure are normally characterized by

fa@=0. (1.27)
Under condition (7.27), recalling Eqs. (4.25) and (4.26), from Eq. (7.25) we obtain

LAK = kK0 K + K 0K = 0, (7.28)
that is identical with Eq. (7.22). Hence we can use Eq. (7.21), that we rewrite as

iPY = kK = —k'y 8 K. (7.29)
Utilizing the definition in Eq. (4.29) we easily obtain

K\ U' = ToV explfa()] +iPIV. (7.30)

Taking the symplectic scalar product of Eq. (7.30) with V and recalling Eq. (4.27) we
finally > get

PO = (VITAV) = (V|TAV) = exp[KHR|TR). (7.31)

In the gauging procedure we are interested in groups the symplectic image of whose gener-
ators is block-diagonal and coincides with the adjoint representation in each block. Namely

b
A 0
Ta= ( A ) (7.32)
0—  fxs
Then Eq. (7.31) becomes

_E p—
PO =M FafisX” +Fafisx®). (7.33)
7.3. The triholomorphic momentum map on hyperKdhler and quaternionic manifolds

Next we turn to a discussion of isometries of the manifold HAM associated with hyper-
multiplets. As we know, it can be either hyperKihlerian or quaternionic. For applications
to N = 2 theories we must assume that on HAM we have an action by triholomorphic
isometries of the same Lie group G that acts on the special Kéhler manifold SAA. This
means that on H A1 we have Killing vectors

8
ka=Kiso (7.34)

satisfying the same Lie algebra as the corresponding Killing vectors on SM. In other words
ks =K, 8; + k8« + k48, (7.35)

3 The following and the next two formulae have been obtained in private discussions of one of us (P. Fré)
with A. Van Proeyen and B. de Wit.
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is a Killing vector of the block-diagonal metric

~_ (& O 7
g—(o huv) (7.36)

defined on the product manifold SM ® HM. Triholomorphicity means that the Killing
vector fields leave the hyperKihler structure invariant up to SU (2) rotations in the SU(2)-
bundle defined by Eq. (5.2). Namely

LAK® = €KW | Lyof = VW, (7.37)

where W is an SU (2) compensator associated with the Killing vector k* . The compensator
W7 necessarily fulfils the cocycle condition

LaWs — LyW) + eV WIWE = fiEWE. (7.38)

In the hyperKihler case the SU(2)-bundle is flat and the compensator can be reabsorbed
into the definition of the hyperKéhler forms. In other words we can always find a map

HM — Li(q) € SO(3) (7.39)
that trivializes the SU{-bundle globally. Redefining

KY = Ly(@)K?, (7.40)
the new hyperKéhler form obeys the stronger equation

LAKY =0. (7.41)

On the other hand, in the quaternionic case, the non-triviality of the SU{-bundle forbids to
eliminate the W-compensator completely. Due to the identification between hyperKahler
forms and SU(2) curvatures Eq. (7.37) is rewritten as

La2" = eV QPWY Law® = VW], (7.42)

In both cases, anyhow, and in full analogy with the case of Kdhler manifolds, to each Killing
vector we can associate a triplet P% (g) of O-form prepotentials. Indeed we can set

i K* = —VPX = —(dP} + €0’ PY), (7.43)

where V denotes the SU (2) covariant exterior derivative.
As in the Kidhler case Eq. (7.43) defines a momentum map

P:M— R ®G*, (7.44)

where G* denotes the dual of the Lie algebra G of the group G. Indeed let x € G be the Lie
algebra element corresponding to the Killing vector X; then, for a given m € M

u(m) : x — Px(m) € R3 (7.45)
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is a linear functional on G. If we expand X = a“k4 on a basis of Killing vectors k4 such
that

(ka krl = farka (7.46)
and we also choose a basis i, (x = 1, 2, 3) for R3 we get

Px = a’ Piy. (7.47)
Furthermore we need a generalization of the equivariance defined by Eq. (7.9)

XoPy =Px (7.48)

In the hyperKihler case, the left-hand side of Eq. (7.48) is defined as the usual action of a
vector field on a O-form,

a
Py. (7.49)

XoPy =iy dPy = X“
dag

The equivariance condition implies that we can introduce a triholomorphic Poisson bracket
defined as follows:

{Pa, Pe}* =2K*(4A, X) (7.50)
leading to the triholomorphic Poissonian realization of the Lie algebra

{Pa, PxV = fAxPa, (7.51)
which in components reads

K kaky =3 fRsPA. (7.52)
In the quaternionic case, instead, the left-hand side of Eq. (7.48) is interpreted as follows:

X oPy=ixVPy = X"V, Py, (7.53)

where V is the SU (2)-covariant differential. Correspondingly, the triholomorphic Poisson
bracket is defined as follows:

{Pa, Ps)* =2K*(A, £) — Ae™* P PL (7.54)
and leads to the Poissonian realization of the Lie algebra

(Pa. PsY = fAsPh, (7.55)
which in components reads

Ky kiky — 32 PyPL = L AL PL (7.56)

Eq. (7.56), which is the most convenient way of expressing equivariance in a coordinate
basis, plays a fundamental role in the construction of the supersymmetric action, supersym-
metry transformation rules and of the superpotential for N = 2 supergravity on a general
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quaternionic manifold. It is also very convenient to retrieve the rigid supersymmetry limit.
Indeed, using physical units, we may set A = ’):/ u? where 1 is the Planck mass (see
Section 9); letting u — o0, Eq. (7.56) reduces to Eq. (7.52). Eq. (7.56) was introduced in
the physical literature in [24] where the general form of N = 2 supergravity beyond the
limitations of tensor calculus was given.

7.4. Gauging of the composite connections

Using the concepts and the geometric structures introduced in the previous sections the
form of the Lagrangian and of the transformation rules for N = 2 supergravity can now be
given. The essential thing is that the fermions of the theory behave as sections of the bundles
we have introduced so far. In particular the gravitino field 1//}1‘ apart from being a spinor-
valued 1-form on space-time behaves as a section of the bundle £ ® SU. The gaugino field
!4 apart from being a section of the spinor bundle behaves as a section of LT SM RSU.
Finally the hyperino field ¢ is a section of the rank 2m vector bundle with structural group
Sp(2m, R) that one obtains by deleting the SU (2) part of the holonomy group on HM. In
other words it is a section of the bundle 7HM ® SU~!. Correspondingly the covariant
derivatives of the fermions appearing in the action and in the transformation rules involves
the composite connections Q , I“j, w* and A*P defined on these bundles. Gauging just
modifies these composite connections by means of Killing vectors and momentum map
functions. Explicitly we have:

TSM tangent bundle F"j — F’j = 1""/- + gAAajki\,
L line bundle Q —->Q=Q+ gAAPg, (7.57)
SU SUQ2)bundle w* — oF =o* +gAdPE, ’

SUT' @ THM Sp(2m)bundle A% — A% = A°F 4 gA%3, kU A Uf .
Correspondingly the gauged curvatures are:
= R VZ AV 4 gF Ak,
= Kijv:VZi A VZj‘ +gFAP9‘,
QF = 25,V  AVgY +gF P},

= RVG" AVGY + g AYB, kU AUE .

(7.58)

8. The complete N = 2 supergravity theory

In this section we write the supersymmetric invariant action and supersymmetry trans-
formation rules for a completely general N = 2 supergravity.
Such a theory includes:

(1) The gravitational multiplet, described by the vielbein 1-form V¢ (a = 0, 1, 2, 3}, the
spin-connection 1-form w??, the SU (2) doublet of gravitino 1-forms ¥4, ¥4 (A = 1,2
and the upper or lower position of the index denotes left, respectively right chirality),
the graviphoton 1-form A°.
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(2) n vector multiplets. Each vector multiplet contains a gauge boson 1-form A’ (I =
1,...,n), adoublet of gauginos (0-form spinors) A )JX , and a complex scalar field
(0-form) z' (i = 1,...,n). The scalar fields z* can be regarded as coordinates on a
special manifold SAM which can be chosen arbitrarily.

dimgSM = n. 8.1

(3) m hypermultiplets. Each hypermultiplet contains a doublet of O-form spinors, that is the

hyperinos ¢% (¢ = 1, ..., 2m and here the lower or upper position of the index denotes

left, respectively right chirality) and four real scalar fields ¢* (u = 1, ..., 4m), that

can be regarded as coordinates of a quaternionic manifold HAM which can be chosen
arbitrarily.

dimg HMy = m, dimg HM,, = 4m. 8.2)

As explained in the previous sections any quaternionic manifold has a holonomy group
Hol(HM,n) C SU(2) ® Sp(2m, R). (8.3)

and the index o of the hyperinos transforms in the fundamental representation of
Sp(2m, R).
Using the information collected in the previous sections we can immediately write down
the definition of the curvatures and covariant derivatives for all the fields. The definition of
curvatures in the gravitational sector is given by

T®=DV —if4 A y°yAh, (8.4)
pa= d¥a — fya® A A+ 3iQ A Y4+ DF A s = Via, (8.5)
o = dyt — frae® Ayt — HOA YA + @5 A YT = vyt (8.6)
R = do® — ¢ A 0, (8.7

where wf = %iw" (ax)ﬁ and a)g =€"%ep Ba)g , and where the gauged connections for the

SU and £ bundles were introduced in Egs. (7.57). In all the above formulae the pull-back
on space—time through the maps

AC

My — SM q* . My — HM (8.8)

is obviously understood. In this way the composite connections become 1-forms on space—
time.
In the vector multiplet sector the curvatures and covariant derivatives are:

v = d' + gAY, (D), 8.9)
vZ' = di" + gAML @), (8.10)
VAA = da — Jyapw®aih — JOAA + TIAIA + 5 AAiB, (8.11a)
VAL = daly — Lyapw® Al + 10N + PIAY +@f A, (8.11b)

FA=dAY + Lgf8 a7 A AT + T, A ypetB
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+ LA Ay Beup, (8.11¢)

where the gauged Levi-Civita connection 1"}" on SM is also given by Eq. (7.57) and where
LA = eX/2X4 is the upper half (electric) of the symplectic section of M introduced in
Eq. (4.26). The lower part M 4 of such a symplectic section would appear in the magnetic
field strengths if we did introduce them.

Finally in the hypermultiplet sector the covariant derivatives are:

UL =UMVGY = U (dg" + gAMKY(q)), (8.12)
Vo = da — Y™ yapte — 1iQta + 4,725, (8.13)
Ve = de® — foyaps® + 5190 + 257, (8.14)

where 25 is the gauged Levi-Civita connection on HM defined in Eq. (7.57), satisfying
the condition to be Sp(2m, R) Lie-algebra valued and

AB = AYPC,, A% =CpyA™. (8.15)

Let us note that the definition of the generalized curvatures as given in Egs. (8.4)—
(8.7) and (8.11) has been chosen in such a way that when all the p-forms are extended to
superforms in superspace they give the correct supercurvatures of the N = 2 superalgebra;
that means that if we set all supercurvatures to zero, the corresponding equations represent
the N = 2 superalgebra in dual form. Given these definitions our next task is to write
down the space~time Lagrangian and the supersymmetry transformation laws of the fields.
The method employed for this construction is based on the geometrical approach: for a
review see [31]. The rheonomic derivation of the N = 2 theory is explained in Appendix
A. Actually one solves the Bianchi identities in N = 2 superspace and then constructs the
rheonomic superspace Lagrangian in such a way that the superspace “‘curvatures” given by
the solution of the Bianchi identities are reproduced by the variational equations of motion
derived from the Lagrangian. After this procedure is completed the space—time Lagrangian
is immediately retrieved by restricting the superspace p-forms to space—time.

Using the results of Appendix B one finds the space~time N = 2 supergravity action that
can be split in the following way:

5= [ VREIL + Loy + L1
Ly = ﬁ:}; + Lpauli, L4f = Ei‘n} + [:zc}ninv, L‘,fg = Liass — V(2.2, q).

(8.16)

where EL’:}’] consists of the true kinetic terms as well as Pauli-like terms containing the
derivatives of the scalar fields. The modifications due to the gauging are contained not only
in [Z"g but also in the gauged covariant derivatives in the rest of the Lagrangian. We collect
the various terms of (8.16) as follows:
N = 2 supergravity Lagrangian
i = ~3R +8ijs V' VT + B Vg Vhg"

euvka _ . A
+ — W, Vo pavr — Y anYo 0y)

V-8
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. —iA L ; ) —
— Ligipe Y PVLA, + T vH VAT — i Y Vle + Ty * Vg
+ AN Ap F A F 2R = Nas FFAFYERY) 4 (—gijn V2 Uial
— _.._'A
- wzfmvuquwl/:&z + 8ij* V7’ Ay YAy

+ WAV, G Ty Wan + hc, (8.17)
- —A =it
Lpauti = {F, Am N) 4 [ALZ Y 9PV epp — 4if o hy vV yrpet?
+ AV fFR AW I Beqp — LET,y*05C%) + hoc), (8.18)

iy _ L ALt aAze o B
£4f = E(g”'A )/UA-B “283{ }’aé’a)‘/fAuVU/’v —

V-8
— Gy R I AP eqcenp +hic)
— BT + 2 R BT v vy
+ %(Rij'lk* + 8ik*8ljr — %8ij'glk')xiA)~lBX£)~g
+ g T yubak AL ARG U U e BT 0T
— [V Ciud A BT NP pcepp + hc.]
+ 8 Wk VAT + 20 Vit
+ (€4BCap¥ "V P +hic), (8.19)
L5 — {(Im M) 4z [2LALT o B) T D) easecn
~ SILATE D) Gy v
— FL TGy T GL ppy) e BeCP
+ HLAT M Cn (T By 2y Peagecn
+ T T g Cn Ry o) Xy ol B
— LALE @y ) Tar™ tpeapC
+ LT Ry ) Tainpet PO
- ﬁCijkCImngkr.g”'?ﬁ?ngV#uljBxkcy“vllDéABGCD

o _'A .
— gLV T LavinGph Ty H AT Be 4 pCF

+ §LALFC vungsl, v esC¥PCY %) + hie ), (8.20)
—A . iABTI* .
Lrnass = 812848V, v w2 +igij» WAPK) yuvy + 2NAT yuvl
+ MPBT rg+ MOT A 4+ Miaph 28] + hee., (8.21)

V(2. 7,q) = 82 Kigky + hunksk )T L”
+ g fAFEPAPE - 3L LT P PRI (8.22)
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where fl:va = %(.7-' ;/le + %ie“””“}' ;16) and (- - )~ denotes the self-dual part of the fermion
bilinears. The mass matrices are given by:

Sap = 3i(ox)SepcPyLY.
WidB — eABkiXZA +i(ax)geCAPf‘g"j.?jA.,
NA = b kT,
M = —USAUBeAp VIR LA,
R
Miaup = %(SABgij*ki [t +ilore ™ HasPLVLD).

(8.23)

The coupling constant g in E/g is just a symbolic notation to remind that these terms are
entirely due to the gauging and vanish in the ungauged theory, where also all gauged
covariant derivatives reduce to ordinary ones. Note that in general there is not a single
coupling constant, but rather there are as many independent coupling constants as the number
of factors in the gauge group. The normalization of the kinetic term for the quaternions
depends on the scale A of the quaternionic manifold, appearing in Eq. (5.10), for which we
have chosen the value A = —1. Furthermore, using the geometric approach, the form of the
supersymmetry transformation laws is also easily deduced from the solution of the Bianchi
identities in superspace (see Appendix A). One gets the following.
Supergravity transformation rules of the Fermi fields

SV =Dyuea — YO KX Peg — 0 KXpeB)yia,

— w0 BUL (€PCPT gep + 7€) Ypy

+ (AN + A By )es

+ligSannu +€an(Ty, + Uty e®, (8.24)
shA = L@ K Pep — 0o KTYy €B)aiA

— R UL (€“PCPTgep + T HA'E

— IR Pepit (9, = T )y ted

+ G ly*epet? + D'*Pep, (8.25)

8Ly = — AR U 4 (€*PC s + 7" et eg

+ 1@ KT Pep — 3 KNgeP)ta

+iUPPV,q" — BCCPTT e

—Eﬂwﬂ)y“e"e,‘g@aﬁ + gNiey. (8.26)

Supergravity transformation rules of the Bose fields

BV =—ivr,,yiet — iEﬁy“eA, (8.27)
8AL =2ZA$A‘L€BGAB + 2LA$2GB€AB

. ATiA At
+(1f,-AAl y,LeBeAB +1fl-.AlAy,LeBeAB), (8.28)
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52 =1"ea, (8.29)
57" =T el (8.30)
8q" =U" T e? + C*P BT 4ep), (8.31)

where we have:
Supergravity values of the auxiliary fields

. —k*
ARE = —Jigie g y*W'® — 850 y#21), (8.32)
. —k* —k* .oBT
AL = Jigi (g v N8 — J85AC v A — Jis5T v e, (8.33)

_ . ~A— —iA i
T, =2(m M) asLZ(FA + 3Vi [ "y Peas

— 1C%T o vunts L), (8.34)
TS, = 20(m M) azL” (FAY 4+ 1V F Tl vl €8

— 1Cs Tyt PTY, (8.35)
U =—31C% vt (8.36)
Ut =—1iCapl" yunt?, (8.37)

G, = —gij*ﬂ: (Im M) ra(FA” + %ka[AxkAVuulleAB
— 3CT v gp LY, (8.38)

Girt =g fI Am N A (FAF + 3V Ty vuohlyet®
— 1Cap T vt T, (8.39)
DIAB = Ligh" Cjupupe K ApeACeBP 4 WidB, (8.40)

In Eqgs. (8.34), (8.35), (8.38) and (8.39) we have denoted by f,w the supercovariant field
strength defined by

FA=Fh + LY, ¥l ean + L ¥ auvpe’?
s pATIA At
—if"% V[V‘/’E]GAB — i f A Mo ¥BueE. (8.41)

Let us make some observations about the structure of the Lagrangian and of the trans-
formation laws.

(i) We note that all the terms of the Lagrangian are given in terms of purely geometric ob-
jects pertaining to the special and quaternionic geometries. Furthermore the Lagrangian
does not rely on the existence of a prepotential function F = F(X) and it is valid for
any choice of the quaternionic manifold.

(i) The Lagrangian is not invariant under symplectic duality transformations. However, in
the absence of gauging (g = 0), if we restrict the Lagrangian to configurations where
the vectors are on shell, it becomes symplectic invariant (ref). This allows us to fix the

terms appearing in Cg‘;g;"m" in a way independent from supersymmetry arguments.
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Here we report only the results of the application of the method of [4,67] in our case. For
a complete treatment see [4,67]. The non-invariant part of the Lagrangian is

— pYectors | pnoniny y ~noniny
L=Lgn "+ Lpan L35 (8.42)

where L% = {(N 4 x F~4F~% — h.c.). The part Eﬁ‘}“i“" of the 4-fermi Lagrangian is
fixed by the requirement of on-shell vector invariance. Indeed, imposing the equation of
motion for the gauge fields,with straightforward calculations one finds that £"°™"™ can be
written as follows:

Loty = 3(F~“Hy +he) + Ligom, (8.43)
where
Hapew = WV = Naztg” (8.44)

with
_ . —A _ — X —i* _
I (2L @@y B) eap — 2 (U y ) metB
— Vi fER Ay Beny + NLTT g5 o). (8.45)

From duality arguments it then follows [4,67] that the non-invariant 4-fermion terms can
be written as the following perfect square:

noninv _ +41H 7AW L e = 1(_/\[ 7\7)/‘):1' —Zl 4 pe. (8.46)

4 ferm Aluv

This result was in fact employed as a useful consistency check in the calculations to construct

the Lagrangian.

(iil)) We note that the field strengths F, ;‘v‘ originally introduced in the Lagrangian are the
free gauge field strengths.The interacting field strengths which are supersymmetry
eigenstates are defined as the objects appearing in the transformation laws of the
gravitinos and gauginos fields, respectively, namely the bosonic part of T, and G;{,
defined in Eqs. (8.34) and (8.38).

9. Comments on the scalar potential

A general Ward identity [39] of N-extended supergravity establishes the following for-
mulae for the scalar potential V (¢) of the theory (in appropriate normalizations for the
generic fermionic shifts § x¢)

ZapSax®887 — 3MacM P =54V(@). A.B=1,....N, ©9.1)

where 84 x¢ is the extra contribution, due to the gauging, to the spin % supersymmetry
variations of the scalar vev’s, Z;, is the (scalar dependent) kinetic term normalization and
M is the (scalar dependent) gravitino mass matrix. Since in the case at hand (N = 2)
all terms in question are expressed in terms of Killing vectors and prepotentials, contracted
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with the symplectic sections, we will be able to derive a completely geometrical formula
for V(z, Z, g). The relevant terms in the fermionic transformation rules are

8Wau = igSapyuel,  SAA =gW4Beg 80, = gNiea. 9.2)
In our normalization the previous Ward identity gives
V = (gijkiykl + 4 k4k ST LT + (UAE - 3T LZ)PLPE 9.3)

with U42 as defined in (4.40). Above, the first two terms are related to the gauging of
isometries of SK ® Q. For an abelian group, the first term is absent. The negative term is
the gravitino mass contribution, while the one in U 4% is the gaugino shift contribution due
to the quaternionic prepotential. Eq. (9.3) can be rewritten in a suggestive form as

V = (ka k)L LT + UAT = 3L L) (P, PL — PAPx). (9.4)
where
o 0 gy 0\ (kr
Cka ks) = (kK ks k) | girj O 0 k% (9.5)

0 0 2hy kY.
is the scalar product of the Killing vector and we have used Eq. (7.6) and the relation
K LA = KT = PALA =PI = 0. (9.6)

P2, are the quaternionic (triplet) prepotentials and U AZ L4 are special geometry data.
In a theory with only abelian vectors, the potential may still be non-zero due to
Fayet-Iliopoulos terms

P4 =& (constant), €*?E1EL = 0. 9.7)
In this case
V(2.9 = (UAT =3 LO)E5Ex. 9.8)

Examples with V (z, Z) = 0 but non-vanishing gravitino mass (with N = 2 supersymmetry
broken to N = 0) were given in [36], then generalizing to N = 2 the no scale models of
N = 1 supergravity [42]. These models were obtained by taking a § = (&, 0, 0). In this
case the expression

v =u%_31°L0 9.9)
reduces to
V = (3;KgV 8K — 3)eX, (9.10)

which is the N = 1 supergravity potential, with solution (V = 0) the cubic holomorphic
prepotential

XAXBXC

F(X) =dapc—5

, A=1,...,n (9.11)
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Another solution is obtained by taking the SU(1, 1)/U(1) @ SO(2,n)/S0(n) coset in
the SO(2, n) symmetric parametrization of the symplectic sections (X A Fp= naxSX z.
X2 XEnas =0,nax = (1,1, -1, ..., —1)) where a prepotential F does not exist. In this
case

1
i(s - 9)

UAE 30T = - nAs, 9.12)

where we have used the fact that
A
A X

Nax =(§ = 8)(@a®Px + P 4Px) + Snax, T XAX

(9.13)
The identity (9.12) allows one to prove that the tree-level potential of an arbitrary heterotic
string compactification (including orbifolds with twisted hypermultiplets) is semi-positive
definite provided we do not gauge the graviphoton and the gravidilaton vectors (i.e. P =0
forA=0,1, ’Pf‘ # 0for A =2,...,ny). On the other hand, it also proves that tree-level
supergravity breaking may onty occur if P} # 0 for A = 0, 1. This instance is related
to models with Scherk—Schwarz mechanism studied in the literature [40,41]. A vanishing
potential can be obtained if £5 = (§4. 0, 0) with

Eatsn™® = 0. (9.14)

In this case we may also consider the gauge group to be U (1)?*2 ® G(ny — p) and intro-
duce §4 = (§0,...,&p4+1,0,...,0) such that Exéxn?Y = 0 where 4% is the SO(2, p)
Lorentzian metric. The potential is now

V=kigkiT'LT  (UAT 3T LE)PIPE =0, (9.15)
where ki\LA = 0 for A < p + 1. The gravitino have equal mass
| m3p |= ¥/ | 62X " | 9.16)

with £465n4% =0, A =0,..., p+ 1. It is amusing to note that the gravitino mass, as a
function of the O (2, p)/0(2) ® O(p) moduli and of the F-I terms, just coincides with the
central charge formula for the level Ny = 1 in heterotic string (H-monopoles), if the F-I
terms are identified with the O (2, p) lattice electric charges.

Note that, because of the special form of the gauged a, @~ , we see that whenever Py # 0
the gravitino is charged with respect to the U (1) factor and whenever P, # 0 the gravitino
is charged with respect to the SU(2) factor of the U(1) ® SU(2) automorphism group
of the supersymmetry algebra. In the case of U (1)? gauge fields with non-vanishing F-I
terms 5;,‘ = (0,0, §,) the gauge field Af}&,\ = A, gauge a U (1) subgroup of SU(2), susy
algebra. Models with breaking of N = 2 to N = 1 [29] necessarily require k% not to be
zero. The minimal model where this happens with V = 0 is the one based on

SU(,1) _ S0@4,1)

SK@ Q= v S0@)

9.17)
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where a U(1) ® U (1) isometry of Q is gauged. In this case the vanishing of V requires a
compensation of the §A, §¢ variations with the gravitino contribution

ARk Py + UAEPEPE = 3L LEPLPL. 9.18)

The moduli space of vacua satisfying (9.18) is a four-dimensional subspace of (9.17).

One may wonder where the explicit mass terms for hypermultiplets are. In N = 2
supergravity, since the hypermultiplet mass is a central charge, which is gauged, such a
term corresponds to the gauging of a U (1) charge. This is best seen if we consider the case
where no vector multiplets (and then gauginos) are present. In this case L4 = L% = 1 and
the potential becomes

V = 4h, ,k"“k" — 3P*P*, (9.19)

where k* is the Killing vector of a U (1) symmetry of Q, gauged by the graviphoton and
‘P* is the associated prepotential. For SO (4, 1)/S 0 (4) this reproduces the Zachos model
[69]. The gauged U (1) in this model is contained in SUg(2) which commutes with the
symmetry SUL(2) in the decomposition of SO (4) = SUL(2) ® SUR(2). This model has a
local minimum at vanishing hypermultiplet vev at which U (1) is unbroken, and the extrema
(at ¥ = 1) (maxima) which break U (1). The extremal model is when both ny = ny = 0.
Still we may have a pure F-I term

V=232 £=(,00). (9.20)

This corresponds to the gauging of a U (1) C SU (2)1, and gravitinos have charged coupling.
This model corresponds to anti-De Sitter N = 2 supergravity [44].

10. The rigid limit: N = 2 matter coupled Yang-Mills theory

In this section we consider the rigid limit of matter coupled N = 2 supergravity. The
aim is that of obtaining the most general form of matter coupled N = 2 super Yang-Mills
theory. By this we mean the rigid supersymmetric N = 2 theory of n vector multiplets cou-
pled to m hypermultiplets interacting through a generic rigid special manifold and a generic
hyperKdihler manifold. Such a theory, in general, is not renormalizable: renormalizability
obtains only in the case of a flat special manifold and a flar hyperKihler manifold. Yet it is
very interesting as an effective low energy Lagrangian. Seiberg—Witten Lagrangian [1] is
Jjust an instance in this general class. One could derive this type of theory by direct methods
solving Bianchi identities in flat superspace and then constructing the corresponding rheo-
nomic action. It is, however, much simpler to derive through a suitable scaling limit from
the N = 2 supergravity theory. The contraction parameter is obviously the Planck mass p
and the limit must be performed in such a way that local special geometry flows to rigid
special geometry and quaternionic geometry flows to hyperKihler geometry. We already
know how this can happen: the curvature of the line and SU (2) bundles must flow to zero
in the limit. Section 10.1 we describe the appropriate rescalings. Then in a further section
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we report the final result written in space—time component formalism for the benefit of the
reader who does not want to be involved with the rheonomy formalism.

10.1. Planck mass rescalings

We begin with the special geometry sector. Here we consider the covariantly holomorphic
symplectic section (4.26) and write

LA XA o 2 1 - 1
V= = exp{K/2] ) = exp[K/(2u")] (.Qo + —2 + —.(23) ,
My Fx M u?

(10.DH
where
1//2 0 Yo
0 ~ y! 0
Q e e = - . .
0 _ina | 2 E §23 F (10.2)
0 Fy 0

The hatted objects are those that survive in the infinite Planck mass limit 4 — oc. Recalling
Eq. (4.25) we obtain:

K=— lim p?logli(2[2)]
pH—00

i _ 2
— _ lim u2log[1+i2(Y’F,—F,Y’)+£3(ReY0—ImF0)
H—>00 73 n
i _
+— (P Fy - FOYO)]
n
——i(Y'F =F ¥
LA At 0 1)\ =
=-i@@)=2"( ., )% (10.3)

which reproduces Eq. (4.49) for the Kihler potential of rigid special geometry. An obser-
vation here is in order. The last line in Eq. (10.3) still differs from Eq. (4.49) in one respect:
the symplectic metric and the symplectic sections in (10.3) are (2n + 2)-dimensional while
those in Eq. (4.48) are 2n-dimensional. Yet the entries of the symplectic sections in the
two additional dimensions are always zero so that we can safely reduce the bundle and its
structural group from Sp(2n + 2, R) to Sp(2n, R).

Let us next consider the symplectic vector U; defined in Eq. (4.29). Using the above
rescalings we obtain

(1/2v2)8;K
vie Lo o] 0 LN
TN T 2| =i2v2)8K PN I
0

(10.4)
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where
0
U = 8,3’ =0;52. (10.5)
0; Fy

So we have retrieved Eq. (4.50), apart from the identically zero extra entries. Hence we can
set

|
gijr = ;L—Zgij', (10.6)
which is consistent with
Zije = =010+ (10.7)

that reproduces the first of Egs. (4.58): the second of such equations is retrieved by setting

-~

1 1 ~ ~ o~
Ciji = EC,‘jk +0 (F) = Cijix= (3,‘Uj|Uk). (10.8)

Finally we observe that the Levi-Civita connection 1“1’,( is not rescaled by any power of the
Planck mass since it contains a metric and an inverse metric (see Eq. (D.19)). This implies
the following rescaling for the Riemann tensor of the special manifold:

1 ~

Rijsiis = 8ipt Rl =~ 3 Rijeu (109)
and the fundamental identity of local special geometry (4.18) becomes

Rijose = i(?ij"g\kl‘ + 8 Bi) + Ciks Cre 8" (10.10)
that in the limit u — oo reproduces the fundamental identity of rigid special geometry
(Eq. (4.55)).

Summarizing we have:
Rescalings in the special geometry sector

| 1 1 1
L0—>—+O<—2), L'—»—Y’+O(~5),
2 w w 2
1 = 1 i i
Rfj'kl" - ?Rl‘j'k/' +0 -3 ) z >, (1011)

; o~ 1 ~
]}lk — ]}lk Q - -lL—Z-Q

Next we consider the rescalings in the quaternionic manifold sector. Here we set:
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Rescalings in the quaternionic manifold sector

1~ ~ .
uaA . _uaAhuv . _2huv, qu = qu’
" . | (10.12)

K _I’(\x’ QF S’Z\x, Pr _’f)\x.

w2 At

Using these rescalings the quaternionic algebra (5.22) is satisfied by the rescaled hy-
perKihler structures K, as much as by the unrescaled ones K;,: however, the relation
(5.12) between the SU(2) curvatures and the hyperKahler structures K;, becomes

~. A=~
¥ = <K' (10.13)
2
and in the limit 4 — oo we obtain 2% = 0,asindeed we expectin the case of a hyperKahler
manifold. Indeed we can rephrase this result by saying that, upon restoration of physical
units, the SU (2)-curvature scale is

x
A= — (10.14)
Q“
and in the infinite Planck mass limit goes to zero. Indeed when we fixed A = —1 to obtain

canonical kinetic terms this value had to be interpreted in squared Planck mass units (namely
A = —1). Egs. (10.12) are consistent with the definition

irK¥PY = VP, = dP} (10.15)

of the triholomorphic momentum map on hyperKdhler manifolds. The last equality in
Eq. (10.15) is justified by the vanishing of the SU(2) curvature that is obtained in the limit
i — oo. Finally the rescaled form of the quaternionic equivariance Eq. (7.54) is

A
{Pa. P} =2K"(A, 2) - Femﬂpg (10.16)

and in the infinite Planck mass limit it flows into the equivariance condition of momentum
maps for hyperKdhler manifolds, that is Eq. (7.50).

To complete our rigid limit programme we have to prescribe the appropriate Planck mass
rescalings for the space—time fields and the fermions. These are as follows:

Rescalings of space—time fields and fermions

I~ 1 . -
Ve — ;Va, 8uv — ﬁjguw = xH
I ~ I ~
o > 3% A% —4° Al Al (10.17)
22 28
1 -~ ; o~ 1 ~
Y4 > —Va, )\IA N \/ﬁ)»'A, ga N _ga.
Ji JE

Utilizing the rescalings of Eqgs. (10.11), (10.12) and (10.17) in the curvature defini-
tions (8.4)—(8.7), (8.9)—(8.14) and in the curvature rheonomic parametrization given in



162 L. Andrianopoli et al./Journal of Geometry and Physics 23 (1997) 111-189

Appendix B, by performing the limit 4 — oo we obtain the rheonomic parametrization
and curvature definition of the rigid theory. Indeed the first four equations (A.23)-(A.25)
become:

T = dVe — 0™ A Vinpe =0,

pa = dya — 0 Ayapa =0,
p? = dyt — o Ayt =0,
R = dw® — 0 A 0% =0,

(10.18)

that are the structural equations of N = 2 rigid superspace if they are completed with

FO= dAO—I-%[EA/\l/fBEAB—I-EA A Beqp] =0. (10.19)

Eq. (10.19) is precisely what we obtain in the & — oo limit from the case A = 0 of
Eqs. (A.27) and (8.11). Algebraically Eq. (10.19) tells us that the graviphoton 1-form is the
dual of the central charge generator. The case A = I of the same equations provides the
definition and rheonomic parametrization of the Yang-Mills curvatures in rigid superspace:

Fl=dA" +1gflc A’ A AK + 7 0, Avge?B + YT AyBesp
et =it
= FL,VEAVE 4 QT yayPean +1fn kg vavae™®) A Ve, (10.20)

From the 4 — oo limit of Eqs. (A.28) and (A.29) we obtain the gaugino curvature
parametrizations:

VA.iA — VaA.iAVa +izz)/al[fA+Ga_bl)/ab7,[fB€AB+DilABl[fB,

. " Za . (10.21)
Vi, = VoA Ve +iZ, yoya + G y®yBesp + Dl v 7,

where Z}, ! and Z, ™ are deﬁned by Eq. (A.30) and its complex conJugate that survive unmod-
ified in the limit while G/ 2 and the auxiiiary fields DIAB, D g are given in Eqgs. (10.35).
As usual the rheonomic parametrizations correspond to the supersymmetry transformation
rules that we have collected in Section 10.2 together with the space—time action for the ben-
efit of those readers who do not want to get involved with the rheonomy formalism. Also
the rheonomic parametrizations (A.32)—(A.34) maintain the same form in the rigid limit,
but the hyperino shifts N%, N2 are now given by Eqgs. (10.35). Using the same scaling limit
one obtains the rigid rheonomic action (which we do not report) from which one retrieves
the space-time action reported in Section 10.2.

10.2. Summary of the rigid N = 2 Yang-Mills theory

Let us then summarize our results by writing the final most general form of N = 2 matter
coupled Yang-Mills theory. Such a theory arises from a generic choice of the rigid special
manifold S Mg, a generic choice of the hyperKéhler manifold H M g and a generic choice
of the gauging.
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Let
Fl=da' + 1l Al AAR=F] dx* A dx (10.22)

be the field strengths of the gauge group G. Let z' be the coordinates of the rigid special
manifold SM,;g, whose complex dimension n equals the real dimension of the gauge group
and let g* be the 4m coordinates of the hyperKahler manifold H.Mig. In addition let A4, A}
be the two chiral projections of the gaugino field and ¢*, ¢, the two chiral projections of
the hyperino field. Let us moreover define:

The covariant derivatives of the Bose fields

Vi = 8.7 + gAlILki ,
Vit =0,7 + gAlkY,
Vuq" =d,q" + gALk),

and
The covariant derivatives of the Fermi fields

Vuh'h = 80 + (I V2! + g Al djknIA,

Vudly = Al + (T Va2 + gAL ki)
V. i®
Vuly = 0,8, + Cya(A‘.fﬂqu" + gA{La“k})uulaAustAB)gﬂ'

(10.23)

But” + (AP Vug" + g AL kU AU 5)Cpy L7

In terms of these field strengths and derivatives and of all the geometric structures pertaining
to rigid special manifolds and to hyperKihler manifolds discussed in previous sections the
most general N = 2 supersymmetric invariant Lagrangian has the following form:

Marter coupled N = 2 Yang-Mills action

L = Lyin + Lpauti + Lmassmatrix + Epotential + Lafermi. (10.24)

where

Liin =N 1y F oy FI7WY — Ny Fly FIHIRY)
+ 82 V*Z VT 4 By VGV, q"
—~ Jigijr Ay OL0L + T4 V)
— i€ Y Vla +Ea?" V™), (10.25)
Lpauii Zi%Cijk(gk’*f,.ImN”]-‘ A y‘“’}JBgAB,
— i1 Cinjun (8 f, ImN”f;U’)AAy“WB eAB, (10.26)
Limassmatrix = M“'ﬂf g+ M,,“gfal;ﬂ,
|,B§a)\lB +Ma|,, [y

+ Miaps® A+ ML BTG, (10.27)
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Cpotential =-V(z,2,9), (10.28)
Lifermi = 3 Ri pzk*XMA’BXng
+ ARG, UL Usse BT 0,0
— 5 ImNy CiikCimng" 8™ T Tk vk BX Cy#amPe s pecp
— HIMN Civjrir Crprmenr 8 78" ]
x FIT yu AL TG AL pABLCD, (10.29)

where the mass matrices and the scalar potential are given by:
N = 2 Yang-Mills mass matrices and scalar potential

./\/lalf3 = —gu,‘}AustABV[“k}’]Y’,
—I
Mg = —gUaA;uU,stsABV[“k}’]Y ,

Mal _ oA gl (10.30)
ip = 48U, ki fi €A,
—1
MIE = —AgUapiukl Fine™®,
Miaus = %g(EABgij'k; i +itor)SescPrVi £,
=l . —I
MAE = Yo (e Bgin ki F1e — i€4C (00 BPF VI T ), (10.31)

o —_ P pa— 3
V(2.7 q) = 82 (gijkikd + dhkkY Y + g0 fITLS PEPS. (1032)
x:l

The coupling constant in front of the mass matrices and of the potential is just a symbolic
notation to remind the reader that these terms are entirely due to the gauging and vanish
in the ungauged theory. In general there is not a single coupling constant rather there are
as many independent coupling constants as mutually commuting subgroups in the gauge
group. For instance if G is a product or r U (1)-factors, there are r independent coupling
constants that can be reabsorbed into the definition of the killing vectors k', k7.

The supersymmetry transformation ruies with respect to which the Lagrangian (10.24)
is invariant are the following ones:

N = 2 rigid transformation rules of Bose fields

. J—iA —I -,
8A/1L = +1(filkl y,LeBsAB + fidi* Ay,LeBEAB),

i —iA
8z = +A' €A,
R, (10.33)
87" = +xr,€”,
U,‘,"A(q)aq“ = EABC“’gEB;'ﬂ +edce.
N = 2 rigid transformation rules of Fermi fields
SAIA = iVuziy“eA + G;‘i,y‘”eBsAB + D'AB¢g,
SAL =iV, 7 yres + Gy ePesp + DU, L€P,
A ul V€4 uv Y AB |AB (1034)

8Ly = iul?BV‘,_quy‘LGAEABCaﬂ + N:GA,
8¢% = iUppuV,uq"y eaeBC¥ + N4,

]
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where:
N =2 rigid values of the auxiliary fields
o . 4.,_[ _ _kA
G,y = 18" [ ImNi (F + Vi X "y Bean),
Ty —J =k *
Gl =g fIImN(FH + § Ve Fi ko v dge??),
Di\AB — YilAB + Wil[AB] + WiI(AB)’
i* _ i S %
D = Y iap + Whiiag + Whap)
. . ix— —k* e
yilAB I%g” CivksrAc )\IDE‘ACE‘BD,
" .1 i TkC
Y! AB = ——-l%gl ICjph )\IDF,‘A(:EBD, (10.35)
willABl eABk",YI, '

W g = easki Y,

wilAB) _ _ieAC(ax)nggUT;-,

WI.I(AB) = i(ox)ngCPfgi’jfjl’
NS = A KT,

N§ = —2U kiY".
10.3. The renormalizable microscopic theory

As an exemplification of the general formalism and for the sake of its intrinsic interest, in
this section we consider the case of the renormalizable microscopic N = 2 (matter coupled)
Yang—Muills theory. The theory is specified by the choice of the following geometrical data:
(1) A flat rigid special manifold SMg, describing the vector multiplet couplings.

(2) A flat hyperKahler manifold H Mg, describing the hypermultiplet couplings.
Let us briefly discuss these geometries and the corresponding form of the Lagrangian.

10.3.1. Flat rigid special geometry

In the vector multiplet sector the appropriate geometry is described as follows. Let 6
be the theta-angle, 1/g° the inverse of the squared gauge coupling constant, and g;, the
constant Killing metric on the gauge Lie algebra. Define the complex parameter

1
T=0+i— (10.36)
g

and choose as holomorphic section of the flat symplectic bundle the following one:
~ y!
2= ;). 1,J=1...,n=dimgG. (10.37)
815Y

In this case the upper half of the holomorphic section (10.37) can be taken as coordinates
on the manifold (the special coordinates)

e (10.38)
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The action of the gauge group on these coordinates is cbviously the adjoint action

&Y = il vk, (10.39)
where f IJK are the structure constants of the gauge Lie algebra

[tr, 1] = fex, (10.40)

t; being a basis of generators. Hence using Egs. (4.58) and (4.57) we obtain

Ny = 81 g+ = 2lmtgyy,
ImN;; = —Imtgyy, o= 8!, (10.41)
Cijx = 0, ki = fhgr®

10.3.2. Flat hyperKdhler geometry
In the hypermultiplet sector we arrange the 4m coordinates g* of H Mgy = R*™ into a
4m column vector

g=q¢", a=0,1,2,3, t=1,2,...m (10.42)
that is regarded as an element of the tensor product R* ® R™ ~ R*". Let
(o 10 0 0 1.0 0\
J'Hl — —l O O 0 , J_“ — —’1 O 0 0 )
0 0 0 1 0 0 0 —1
\o 0 -1 0/ \o 01 o)/
0 0 -1 0) 00 -1 0
0 0 0 1 00 0 -1
+2 - _
J 1 0 0 ol d 1o o o 1049
\0 -1 0 o0 \o 1 0 o)
0 0 0 1)\ (0 0 0 1\
g [0 0 1o B |0 0 -1 0
“ 1o -1 00} “1lo 1 0o of
\-1 0 0 0 \-1 0 0 o0/

be the two triplets of self-dual and antiself-dual t’ Hooft matrices satisfying the quaternionic
algebra:

JEx gy — —8 1454 + 8xszﬁ:|z’ J:;’x = :I:%sabcd.]czslx, (10.44)
0=[Jt* 771 wx,y. '

Let, furthermore

€q =

éx = § €2=

)

el=( : :)l), (10.45)
(
(
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be a complete basis of two matrices for the expansion of a generic quaternion
Q =g, (10.46)

ey, being the three imaginary units. The flat hyperKéhler metric and the corresponding
triplet of hyperKahler 2-forms are given by

ds? = hyydg* dg¥ = dg" (Laxs ® Lnxm) dq,

K* = dg" A (JTF @ 1,xm) dg. (10.47)

Alternatively, in the above formula one can use the triplet of antiself-dual t"Hooft matrices
to define the hyperKahler structure. Using the identities

+lx 1 -
I, = 5 tr(eqepe

D, I = =1 t(eqeley) (10.48)

and rearranging the 4m coordinates ¢ into an m-vector of quaternions:

0' = g%'e
0* = q*%,

Q= : , (10.49)
Qt — altea

q

Eqgs. (10.47) can be rewritten as follows:
ds* = 1 tr(dQ" Lxm dQ), K =140 A lyxmdQ = $K"e]. (10.50)

The action of the gauge group G on the hypermultiplets is assumed to be linear and generated
by a set of 4m x 4m matrices T;. Namely we set

sig=Tig — ki =(Tyq" (10.51)

In order for this action to be an isometry of the Euclidean diagonal metric (10.47) it is
necessary and sufficient that the matrices 77 belong to the orthogonal Lie algebra SO (4m),
namely

] = -T;. (10.52)

The action of G, however, is not only required to be isometrical but also to be triholomorphic.
This means

LUK* =ijdK* + dijK* = dij K™ =0. (10.53)
A straightforward calculation yields
dijK* = —dq" A [T7, JT* @ 1nxm]dg (10.54)

so that the triholomorphicity condition is that the generators T; should commute with the
tensor product of the t’ Hooft matrices with the unit matrix in m dimensions. When this last
condition is verified we can write the momentum maps as

Pr =q I @ 1uxmTig. (10.55)
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Alternatively using the quaternionic notation we have

P =1iPief = 30" 1unTiQ. (10.56)

10.3.3. The Lagrangian
Using these ingredients the Lagrangian of the microscopic renormalizable theory is im-
mediately retrieved from the general formulae of Section 10.2. It is convenient to set:
Y = VY, Y = Yy,
F, = FlLu, tr(tity) = 8i4,
t; denoting a basis of generators of the gauge group and in this condensed notation we
obtain

(10.57)

MICroscopic __ ~microscopic microscopic
EN:ZYM - Ebosonic + Efermionic ’ (10.58)

where the bosonic Lagrangian is

ricroseopic Tte(FuuF o) + %Rertr(F,wFpU)e"”p“

bosonic
+2Im ttr(V, YV, Y) + V,q' V,.q, V(Y. g), (10.59)
_ _ 1 &
V(Y,q)=2Imt (Y, Y])*> — 2¢T{Y,Y —— Y prprgl/, 10.60
(Y,q) =2Imr (Y, Y])? — 2" }q+21merz; “Pig (10.60)

The formula for the scalar potential exhibits in a clear fashion the flat directions associ-
ated with the moduli fields Y in the Cartan subalgebra H of the gauge algebra. Actually
the potential is just homogeneous of degree 4 in all the scalar fields as expected from
renormalizability.

The fermionic part of the Lagrangian also simplifies very much since it just contains the
kinetic part and the mass terms induced by the gauging. The Pauli terms and the 4-fermi
terms are all zero, since the tensor C; j; vanishes and the Riemann tensors of the special and
hyperKéhler manifolds also vanish. The evaluation of the mass matrices is straightforward
by inserting the explicit form of the Killing vectors and of the momentum maps into Egs.
(10.30) and (10.31). The only item that is still missing in such a calculation is the explicit
form of the quaternionic vielbein. This is very easily given. We set

UA = UAT dg®" = dQ = dg*"(ea)} (10.61)
and we identify the symplectic index o running on 2m values with the pair of indices B, ¢
(B=1,2;t=1,...,m). In this way we obtain

A
Uglyys = 8i(en)3- (10.62)

Appendix A. The solution of the Bianchi identities and the supersymmetry
transformation laws

In this appendix we describe the geometric approach for the derivation of the N = 2
supersymmetry transformation laws of the physical fields. As it will appear in the following
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this requires the preliminary solution of Bianchi identities in superspace.

The first step to perform is to extend the physical fields to superfields in N = 2 superspace:
that means that the space—time 1-forms w®, V4 ¢4, ¥4, A% and the space-time 0-forms
AAA 2 2, €%, Ly, g defined in Section 8 are promoted to 1-superforms and 0-
superforms in N = 2 superspace, respectively.

The definition of the superspace curvatures actually coincides with that given in
Eqgs. (8.4)—(8.14) provided all the p-forms (p = 0, 1,2) are thought as p-superforms
(here and in the following by “‘curvatures” we mean not only 2-forms, but also the 1-forms
defined as covariant differentials of the O-form superfields).

We note that the definition of superspace curvatures in the gravitational sector, namely:

T¢=DV — iy 4 A yoyh, (A.1)
pa=dya — v AYa+ HOA YA +BF A Ys = Via, (A2)
pt = dy? — Ly Ayt —LHO Ayt + B Ay P = vy, (A.3)
R = 4o — wl A o, (A.4)
FO=dAY + T 4 A wge?® + L0 A yBess. (A.5)

where FU denotes the graviphoton, has been chosen in such a way that by setting R =
T¢ = pA =pa=F 0~ 9, deleting the composite connections @, Bg and normalizing
LY(0, 0) = 1 we obtain the Maurer—Cartan equations of the N = 2 Poincaré superalgebra
where the 1-forms %, V4, ¢4, ¥4, A? are dual to the corresponding generators of the
group.

The next step is to write down the Bianchi identities for all the curvatures and to solve
them in superspace. Applying the d operator to Eqgs. (A.1)-(A.4) and (8.9)—(8.14) one finds:

DT + R AVE {0 Ay +ip? Ay2ya =0, (A.6)
Voa + 5vaR® Aya— 3K Ava - 5iRE Ay =0, (A7)
Vot + yaR Ayt 4+ LK Ayt —Rp AP =0, (A.8)
DR = 0, (A.9)
Vi — (PN =T Ty nype® LY Ayleapkiy =0,  (A10)
V2" — (FA T, Aype® —T'0" Ay Besp)kis =0, (A.11)
VINA 4 LyROPAA 4 LA + RIAJA — LiRG A AP =0, (A.12)
VAL 4 Ly RAL — LKA + RO — 3RS Adp =0, (A.13)
vF4 = vIA A4 Appett — VLA /\EA AYBesp

+ 2L 4 A pped® £ 2L Ay Benp =0, (A.14)
VUAY — g(FA T 4 A ypeB —T % A yBeapk UM =0, (A.15)
V%, + AR%yapta + LiKta + RECp =0, (A.16)

VAR + JRPyapc® — 5iK* + Rpef = 0. (A7)
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The covariant derivatives V and D have been defined in Egs. (A.1)—(A.5) and include
the gauged connectlons defined in Eq. (7.57). Furthermore the hat on the scalar manifolds
curvatures K , R’ Rﬂ, RA denotes the gauged curvatures defined in (7.58).

The solution can be obtamed as follows: first of all one requires that the expansion of the
curvatures along the intrinsic p-forms basis in superspace namely: V4, V4 A V2, ¥ A
VP, ¥ Ay, is given in terms of only the physical fields (theonomy). This ensures that no
new degree of freedom is introduced in the theory.

Secondly one writes down such expansion in a form which is compatible with all the
symmetries of the theory, that is: covariance under U (1) Kihler and SU(2) ® Sp(2, m),
Lorentz transformations and reparametrization of the scalar manifolds. Besides it is very
useful to take into account the invariance under the following rigid rescalings of the fields
(and their corresponding curvatures):

(wab, AA,q", Zi,Zi') N (wab’ AA,qu,Zi,Zi‘), (A.18)
Ve 5 Ve, (A.19)
WA, Wra) = 12, Ya), (A20)
AL %, ) > 1720 A £, 4. (A21)

Indeed these rescalings and the corresponding ones for the curvatures leave invariant the
definitions of the curvatures and the Bianchi identities.

Finally we note that we are looking for a solution of the coupled system of Bianchi
identities of the gravitational sector with those of the matter sectors. The coupling is obtained
by setting the auxiliary fields of the N = 2 multiplets to definite expressions in the physical
fields compatible with all the previously mentioned requirements. This fixes completely the
ansatz for the curvatures at least if we exclude higher derivative interactions.

Performing all the steps requires a lot of work. For a more detailed explanation the
interested reader is referred to the standard reference of the geometrical approach [31]. The
final parametrizations of the superspace curvatures are given by:

T =0, (A22)
pa=PaasV® AV + (A8 n0 + AP ya)yp A VE
+ ligSapnap + eAB(Tab + J?,)]y"tﬁ” A VS, (A.23)
pt= p,abva AVE + @5 e + Ay yan)¥® AV
+ (g5 nap + €AB (T + Uy v AV, (A24)

R = RV AV —i(f 64190 + F 030 ) AV
+eITA Ny B (AL, — A
+i€ABWA A 1//3(T+“b + U—ab) _ ifABWA A wB(T—ab + U+ab)
—8Sa ¥ AyYE — gSYF 4 Ay Pys, (A.25)
= FAVEAVE 4 (A0 Y Bens +ifahs vawpetB) A VO, (A.26)
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. —~— 'A ) s . .
VA.[A — Va)\l ya + IZ:,}’a‘,[fA + Gab’yab‘fl"BGAB + (YIAB 4 ngAB),‘fI"B9

. —~ i '_?’_i' " . .
VA = Vahy VO +iZ, voya + G vy Beas + (Yip +gWipvs,

Vi =Zive 4+ 3y,

e e
VU =ZL Ve A, v,
uAazzj:ava +6ABC¢1/S$B§,/S +$A§,a,
Vie=ValoVE + iUy Y eapCap + gNEV A
Ve =Vt Ve + iUty ya + gN§YA,

where:
B . —k* —k* c
A 1'” = —%lgk-[(kq ya).lB — 584)\C y“A[ )
B . —k* —k* . -
A la %lgk'l(’ ya;lB %SB; ya;Cl) %HSBCQ are
blc b o) 0 vep
911 e zy[ap lc }/C ab’ ngA la .blclA c ablA‘

Top=WN - N)AELE(F(;}; + %V,» fijiA)’ab)»jBEAB
+ 1A C T vantp L™,
T =W = N)asL™ (B + 1V T 1Ky vaoky *®
+ %)‘Caﬂza)/abiﬂz/‘),
Ugp = 4iAC*T o vants,
Uy = 1iACapl vanl®,
Gl = 418" TN = W) ra(Fly™ + 4V ' vandPeas
+ IACPT  yantp ™).
Ght = Sig [TV = R raFt + 49 Tim vandlye?
+ 3ACupT vant L),

. e —k* e
YIAB — %lglj Cj'k'l'}\C )\IDGACGBD,

i* L. itj~ TKCLID
Yig=—7ig" 'Ciuuk X “eacepp,
i £\C A
Sap = 5i(0x) 4epc PR L",
—AB . —A
S =%1(U_,)§6CAP'/§L ,

o

Ng = —2U5 K4L",

N =223 4T

WiAB — wiABl L wiAB) Wit = Wiig + Wiig,
where:

. :—=A Pk ;%
WIABL = ABKL T Wig = eanks L,

. . oA . . e
wiAB) — I(Ux)EECA’Pf\gU fjh W(lAB) = I(Ux)ngC’Pf\g' jfjA~
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(A.29)
(A.30)

(A31)
(A.32)
(A.33)

(A34)
(A.35)
(A.36)

(A37)

(A.38)
(A.39)
(A.40)

(A41)

(A.42)
(A.43)

(A.44)
(A.45)

(A.46)
(A47)
(A.48)

(A.49)

(A.50)



172 L. Andrianopoli et al. /Journal of Geometry and Physics 23 (1997) 111-189

As promised the solution for the curvatures is given as an expansion along the 2-form basis
(VAV,VAY, ¥ Ay)or the 1-form basis (V, ) with coefficients given in terms of the
physical fields.

The “on-shell” auxiliary fields are given in our case by the composite connections Q wf 3
and by 7,}, W48 and Ss5.

It i 1s important to stress that the field strengths ﬁcd, PAlabs a’}, s ZZ;‘“ = L(,f"‘ﬁ:]u,

Vak , VF:{D, and their hermitian conjugates are not space—time field strengths since they
are components along the bosonic vielbeins V¢ = V“ dx#* 4+ Vg d6* where (V7, V3)isa
submatrix of the super-vielbein matrix E/ = (V¢, y). The physical field strengths are given
by the expansion of the forms along the dx*-differentials and by restricting the superfields to
space-time (@ = 0 component). For example, from the parametrization (A.26), expanding
along the dx*-basis one finds

A

FA = FAVEVE +if AT yaw B Vieas + Frhy vaws Vaets, (A.51)
where

A=FA 4 LY AyPeap + L7V 4 A ypets, (A.52)

according to Eqs. (8.11) and (A.26). When all the superfields are restricted to space-time
we may treat the V;; vielbein as the usual four-dimensional invertible matrix converting
intrinsic indices in coordinate indices and we obtain

FA=FA+ LY iyBean + TV a,vse’® —if" T vy Beas
T AT Y Ve, (A.53)
By the same token we also get:
Vih ™ = VA i~ )y yt — Gy Py et
—(Yi4B +gWiAB)¢Bm,
Vidy = Vula — iU V0g" — BCCP Y0, — U ¢P)y Yl eanCag
—eNIM A,
Z:L =V, —xiAll/Am,
ﬁlfa — uuAaquu _ GABCaﬂEB“LCﬂ —Eﬁfa-

(A.54)

We note that in the component approach the “tilded” field strengths defined in the previous

equations are usually referred to as the supercovariant field strengths.

The physical fields appearing in the parametrizations are actually further required to
satisfy extra-constraints which are essentially of two types:

(1) The supercovariant field strengths satisfy a set of differential constraints which are to
be identified, when the fields are restricted to space-time only, with the equations of
motion of the theory. Indeed the analysis of the Bianchi identities for the fermion fields
give such equations (in the sector containing the 2-form basis ¥ ,y%¥4). Further the
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superspace derivative along the ¥4 (*) directions, which amounts to a supersymmetry
transformation, yields the equations of motion of the bosonic fields. This is not a surprise
since the closure of the Bianchi identities is in fact equivalent to the closure ofthe N = 2
supersymmetry algebra on the physical fields and we know that in general such closure
implies the equations of motion for the fermion fields. Indeed in our case the usual
auxiliary fields of N = 2 theory have been determined as suitable expressions in the
physical fields.

Finally we also note that since the expressions for the curvatures imply the equations
of motion it follows that in the ungauged case (g = 0) formulae (8.24)—(8.26) are
symplectic covariant since the ungauged theory is on-shell symplectic covariant.

The second type of constraints following from the closure of Bianchi identities is a set
of differential constraints on the upper part L4, ZA, f,-A, 7,/3 of the symplectic sections
V and U; and of the TM? ® £ sections Cijk (together with its complex conjugate

Civjoge)-
One finds:
VLt =V, L' =0, (A.55)
fA=viLh, Fh=vel’, (A.56)
VirCijk = ViCpsjrpr = 0, (A.57)
ViiCiyjk = VjCimyjuir = 0. (A.58)
Vi f& = igii?llzcijk- (A.59)

Using the identities of Special Geometry (4.18), (4.26), (4.30) and (4.37), C,jx can be
written as

Cijk =N = Nas fAV; fZ. (A.60)

In particular Eq. (A.59) implies the constraint given in (4.18) for the Riemann tensor
of the Kdhler—Hodge manifold while Egs. (A.57) and (A.58) are actually equivalent to
the other equations (4.18), using (4.19). Therefore the constraints (A.55)-(A.59) imply
that the Kdhler—Hodge manifold we started from is actually a special Kéhler manifold.
We may also verify that the same equations (A.55)-(A.59) hold provided we replace
LAY - Mjand fiA — h 4; (together with their c.c.). Hence we have a set of symplectic
covariant constraints, namely

ViV =U, VU =iCiyig" Usr, ViUp =gpV, VaV =0, (A6l

which give an alternative definition of Special Geometry in terms of differential con-
straints on a symplectic bundle of the Kdhler—Hodge manifold. This definition of Special
Geometry was in fact first deduced in [27] from N = 2 Bianchi identities (i.e. for the
closure of N = 2 susy algebra). Furthermore there is a close connection, exploited in
[70], between the differential constraints (A.61) and the Picard—Fuchs equations for the
periods of a three-dimensional Calabi—Yau manifold [70,71].
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The determination of the superspace curvatures enables us to write down the N = 2 susy
transformation laws. Indeed we recall that from the superspace point of view a supersym-
metry transformation is a Lie derivative along the tangent vector

€ = e*Dy +eaD4, (A.62)
where the basis tangent vectors D4, D4 are dual to the gravitino 1-forms
Ds®) =D (yp) =1, (A63)

where 1 is the unit in spinor space.
Denoting by ! and R/ the setof 1-forms (V4, yr4, ¥4, A%) and of 2-forms (R?, p,, p?,
F*), respectively, one has
Iu! = (e d + diop! = (De)! +icR!, (A.64)

where D is the derivative covariant with respect to the N = 2 Poincaré superalgebra and i,
is the contraction operator along the tangent vector €.

In our case:
(DEY* =i oy et + Ty, (A.65)
(De)* = Ve, (A.66)
(De)? =0 (A.67)

(here « is a spinor index).
For the 0-forms which we denote briefly as v/ = (g%, 2/, 2", A4, A%, ¢4, £%) we have
the simpler result

Io = icdv! = ic(Vv! — connection terms). (A.68)

Using the parametrizations given for R’ and Vv! and identifying 8, with the restriction of
l to space—time it is immediate to find the N = 2 susy laws for all the fields. The explicit
formulae are given in Section 8.

Appendix B. Derivation of the space-time Lagrangian from the geometric approach

In Appendix A we have seen how to reconstruct the N = 2 susy transformation laws of
the physical fields from the solution of the Bianchi identities in superspace.

In principle, since the Bianchi identities imply the equations of motion, the Lagrangian
could also be completely determined. However, this would be a cumbersome procediire.

In this appendix we give a short account of the construction of the Lagrangian on space—
time from a geometrical Lagrangian in superspace.

In the geometric (rheonomic) approach the superspace action is a 4-form in superspace
integrated on a four-dimensional (bosonic) hypersurface M* locally embedded in A1418:

A= f C. (B.1)

MAc 418
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Provided we do not introduce the Hodge duality operator in the construction of £ the equa-
tions of motions derived from the generalized variational principle 8.4 = 0 are 3-form or
4-form equations independent from the particular hypersurface M* on which we integrate.
These superspace equations of motion can be analysed along the p-form basis. The com-
ponents of the equations obtained along bosonic vielbeins give the differential equations
for the fields which, identifying M* with space-time, are the ordinary equations of mo-
tion of the theory. The components of the same equations along p-forms containing at
least one gravitino (“outer components”) give instead algebraic relations which identify the
components of the various “supercurvatures” in superspace.

The Lagrangian must be constructed according to the principles of rheonomy: the “outer
components” computed from the variational equations must be all expressed in terms of
the supercovariant components (components along the vielbeins basis). Actually if we have
already solved the Bianchi identities this requirement is equivalent to identifying the outer
components of the curvatures obtained from the variational principle with those obtained
from the Bianchi identities.

There are simple rules which can be used in order to write down the most general
Lagrangian compatible with this requirement.

The implementation of these rules is described in detail in the literature to which we
refer the interested reader. Actually one writes down the most general 4-form as a sum of
terms with indeterminate coefficients in such a way that £ be a scalar with respect to all the
symmetry transformations of the theory (Lorentz invariance, SU (2) ® Sp(2m) and U (1)
Kahler invariance, invariance under the rescaling (A.21)). Varying the action and comparing
the outer equations of motion with the actual solution of the Bianchi identities one then
fixes all the undetermined coefficients.

Let us perform the steps previously indicated. The most general Lagrangian has the
following form:

L = Lgrav + Lxin + LPauli + Liorsion + Laferm + Lgauging - (B.2)

Loy = €abcd R AVEAVE — 4@ yupa — T avap™H VO,

Liin = Brgij-[ZL(VE — ™00 + Z) (V2 = A AVEAVEA Vel
+b1eanCaplUPP — 7P — BCCPY L) AVEAVEAVIES,,
_ %(}g,gij.zjff; + $b1€aBCapU UB Y ™ €apcaVE A VP AVEA VY
+iBagi (XY VAL £ 3L YOVAA) A VP A VE AV 8€apea
+iby @ Y Ve + Lav VL) A VP AVE A Vieapea
FiBWNAr FA + NasFIFE —i(fER vy Bean
+ R yewBe B A VLAV A VP
— A BN ax F AR~ Elm N FPAFTEIm

X €apcaVEA VP AVEAVY,

—_ —_—
Lpauti = BsFAN s LET W Besp + NasL ¥ avpe®)
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+ i,B6FA(N'AEf,'2XiA}’a‘/fB€AB +NA):?,~L:7~ZV::¢B€AB) AVe
+BFAN — W) as(V fF R yahiBeap
— Vi E T vandly €4B) A VO AV
+bsFAW = N)ax (Lo vantpC% — T T yant? Cag) A VE A VP
+ﬂ88ij'(xiA}’ab¢AVEj' + Xf; Yab¥AVZ') A VEA Va€apea
+ b3y YA T YUY U s) A VAV eapea,
Liorsion = (ﬂ4gij'xiA}’b)~{; + 54T Ypla) Ta A VEAVE,
Liferm = a1 (LAFIFAWBGAB + EAEA‘/’BGAB) A (NA):LEWC‘#DGCD
+NA£ZEEC¢D€CD)
+ aZ(fiAxiA)’awBeAB + f,f‘xi,;}'a ve'f) A (NAEijijYbV/DGCD
+Nas FERE vvpeP) AV AV
+a3(N ~ M) as(FAVe fET Yt BT vanhdy eaneCP
"7:‘/3V’<ijIiA‘ YcWBIkCVab/\jDGABGCD) AVIAVEAVE
+aiN = N)sx (7,'/1LEX:%1//BEQ vabipeBC*
- ﬁAZEXM)’cWBEaVabCﬂGABCuﬁ) AVEAVEAVE
+02(WA1/fBZaVabCﬂ€ABCaﬂ + U a¥BLaYarlpe BCPYy A VE A VE
+ (a4gij'xm}’b)\§ + 3858 VbV aVa ¥ P AVEAVE
+aS(CijkxiAVa'//ijC/\kDfACfBD
— Ciojok Ky Y Y g Rl €ACeBDY A b A e A yiey,
+ %[Vl (Rijxikr + p8ik-81j» + qgij~gzk~)xi"x’”ii;'k’;,'
+ V2 (Vi G A BT D s ey — hc)
+ 3N = N)as (Cijkclmngk;gnngA f;ZXiAVlmljBXkCVlmllDGABécn
+h.c.)
+ V48 j*C Va CaxiA)’a)»f:
+ys R, U Upse B COT 0, TP 1Y
+ v6(N — W)AE(LAV[f}'EEa YabfﬂXiAy“bAjBeABCaﬂ +hc)
+yIWN = N)ax (L LE T vantpl, v 55 C¥P Y
+he)IVEA VO AVEA Vi3eqpea,
Loauging = —ig81 (SaBY " vap¥® + hc) Ve A v?
+igdagijs (WIABTY yoyg 4 he) A VE A VE A Ve
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+ig83(NAZT Y994 +he) AVE AVEA V€ ey
+ 884V N§Us e P TP T 0y + 85ViNGT A1
+ 0625 Vi W1 g2 KB L e VO A VE A VE A Vigpeg
+ 8782 Vootential VEAVPAVEA Vdfahcda (B.3)

where
. 2 _A
Vpotential = (gij'kf,yka + 4huvk‘;\ UZ)L L*

+g" fA FEPAPY — 3L LT PPy (B.4)

We note that the kinetic terms of the Lagrangian have been written in first-order form to avoid
the Hodge-operator which would destroy the independence of the variational equations from
the particular hypersurface of integration. Specifically one introduces auxiliary 0-forms

namely F;", Zi, Z U2 whose variational equations identify them with F£4, Z1, Z,.
U(f“ defined in Appendix A. Of course also the spin connection w®” has to be treated as an
independent field: indeed the term Liorsion appearing in the Lagrangian has been chosen in
such a way that the equation of motion of w? gives T¢ = 0.

The analysis of the variational equations for the other p-forms containing at least a
fermionic vielbein v 4 (- 4) then fixes completely all the coefficients, except the coefficients
of terms that are proportional to V¢ y?b VCVdeade, which, after variation, do not contain
any ¥ (4) and therefore appear in the space—time equations of motion.

These undetermined coefficients, however, can be retrieved by comparing the space—time
equations of motion for the O-form fermion fields A'4, A4, % ¢, as obtained from the
Bianchi identities with those obtained from the Lagrangian. In this way all the coefficients
have been fixed. The result is:

Bi=3% P=-3 PBi=4, fa=-1

Bs=4, Po=—4, Pr=3 Pz=-L

b = —%K, by = j)" by =2A, by=-2i, bs=A,
a=-2, wm=2 a3=3i. oy=-2i, as=-4,
ay = —iA, ar=—ik, a3 = —4ix,

Vi=3 yvi=-i, y3=q1l ya=-3A,

[ ]

(B.5)

ys=—6ip=1, q=-%,

Y6 = —31A, y7=——%1)\2,

=4, 8 =3, 8= -3k, 154——5&
8§=—§A, 86:m, 87:—6

In order to obtain the space—time Lagrangian the last step to perform is the restriction of
the 4-form Lagrangian from superspace to space-time. Namely we restrict all the terms
to the # = 0, dd = 0 hypersurface AMM*. In practice one first goes to the second-order
formalism by identifying the auxiliary O-form fields as explained before. Then one expands
all the forms along the dx*# differentials and restricts the superfields to their lowest (6 = 0)
component. Finally the coefficients of
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eMvpo

(Vg d*x) (B.6)

dx* A dx" A dxP A dx® =
4
give the Lagrangian density mentioned in Section 8. The overall normalization of the space—
time action has been chosen such as to be the standard one for the Einstein term.

Appendix C. Supergravity theory on ST[2, n] ® HQ[m]

In this appendix, as an illustration of the general method and also for its interest in
applications to tree-level effective Lagrangians of heterotic string theory, we consider the
specialization of our formulae to the case where the scalar manifold of N = 2 supergravity
is chosen as in Eq. (1.1). This choice is by no means new in the literature, but the interesting
point is to utilize the symplectic gauge where the holomorphic prepotential F(X) does not
exist. This is the gauge chosen by string theory and also that where partial supersymmetry
breaking can be obtained.

C.1. The 8T[2, n] special manifolds and the Calabi—Visentini coordinates

When we studied the symplectic embeddings of the S7 [m, n] manifolds, defined by
Eq. (3.19), a study that lead us to the general formula in Eq. (3.34), we remarked that the
subclass ST[2, n] constitutes a family of special Kidhler manifolds: actually a quite relevant
one. Here we survey the special geometry of this class.

Besides their applications in the large radius limit of superstring compactifications, the
ST(2, n] manifolds are interesting under another respect. They provide an example where
the holomorphic prepotential can be non-existing. Furthermore it is precisely in the sym-
plectic gauge where F(x) does not exist that the model n = 1, m = 1 of Eq. (1.1) exhibits
partial supersymmetry breaking N =2 — N = 1[29].

Consider a standard parametrization of the SO (2, n)/S0O(2) x SO(n) manifold, like
for instance that in Eq. (3.31). In the m = 2 case we can introduce a canonical complex
structure on the manifold by setting

1
¢A(X)E—E(L{,‘+1L;‘), (A=0,l,a a=2,...,n+1). (C.1)

N

The relations satisfied by the upper two rows of the coset representative (consequence of
L(X) being pseudo-orthogonal with respect to metric n4 5 = diag(+, +, —, ..., —)):

LiLlynas =1,  LiLfnaz =0, L{'L{naz=1 (C.2)
can be summarized into the complex equations

—A

DT nar =1, ®Fnsp=0. (C.3)

Eqs. (C.3) are solved by posing
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XA
_A ’
VX XZnax

where X/ denotes any set of complex parameters, determined up to an overall multiplicative
constant and satisfying the constraint

o4 = (C.4)

XAXZn,p =0. (C.5)

In this way we have proved the identification, as differentiable manifolds, of the coset space
SO2,n)/SO(2) x SO (n) with the vanishing locus of the quadric in Eq. (C.5). Taking any
holomorphic solution of Eq. (C.5), for instance

1/2 (1 + y?)
X*m=|ir2za-y»y|. (C.6)
ya

where y? is a set of n independent complex coordinates, inserting it into Eq. (C.4) and
comparing with Eq. (C.1) we obtain the relation between whatever coordinates we had
previously used to write the coset representative L(X) and the complex coordinates y“.
In other words we can regard the matrix L as a function of the y? that are named the
Calabi-Visentini coordinates [68].

Consider in addition the axion—dilaton field S that parametrizes the SU(1, 1)/U(1)
coset according to Eq. (3.30). The special geometry of the manifold S7[2, n] is completely
specified by writing the holomorphic symplectic section £2 as follows ([4]):

_ x4 _ XA(y)
205 = (FA) B (SnAxXE(y))' €D

Notice that with the above choice, it is not possible to describe F4 as derivatives of any
prepotential. Yet everything else can be calculated utilizing the formulae we presented in
the text. The Kihler potential is

K =K1(S) + Ka(y) = — logi(S — S) — log XTnX. (C.8)

The Kihler metric is block-diagonal:
-1
= 0 <=0s0K| = =——,
gijr = (gﬁs ) Sss T RIS T F sy (€9)
8ab/ g =(y) = dad 5K,
as expected. The anomalous magnetic moments-Yukawa couplings Cijx (i = S, a) have a
very simple expression in the chosen coordinates

Csap = —exp{Kléas, (C.10)

all the other components being zero.
Using the definition of the period matrix given in Eq. (4.37) we obtain
XaXs+XaXs

Nas =(§ =) ——5——+ Snax. (C.11)
X nX
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In order to see that Eq. (C.11) just coincides with Eq. (3.34) it suffices to note that as a con-
sequence of its definition (C.1) and of the pseudo-orthogonality of the coset representative
L(X), the vector & satisfies the following identity:

AT + %" = LLALT (67 + 174, (C.12)

Inserting Eq. (C.12) into Eq. (C.11), formula (3.34) is retrieved.

This completes the proof that the choice (C.7) of the special geometry holomorphic
section corresponds to the sympiectic embedding (3.26) and (3.28) of the coset manifold
8712, n]. In this symplectic gauge the symplectic transformations of the isometry group are
the simplest possible ones and the entire group SO (2, n) is represented by means of classical
transformations that do not mix electric fields with magnetic fields. The disadvantage of
this basis, if any, is that there is no holomorphic prepotential. To find an F (X) it suffices to
make a symplectic rotation to a different basis.

If we set
X'= 31 +y)=—3U—myt'th),  X=izU-y) =1’
Xazya:t2+a’ a:l n_I’ (C13)
Xa:n — ’l (l+n”tt )
where
77ij=diag(+,_,-~-’—), i9j=2,...,n+l, (C14)

Then we can show that 3C € Sp(2n + 2, R) such that

1
s
x4 t
C(sn,\zxﬂ) =l o _sigsari 7 — sa/5F (€15
S3/SF
a/ot' F

with
F(S,0) = ySnijt't) = Sdppt''eK, 1l =§

dyjk = nij, (C.16)
d — J J
17K [ 0 otherwise
and
FPF(S, 1)
Wik =dig = 37017 5K (C.17)

This means that in the new basis the symplectic holomorphic section C$2 can be derived
from the following cubic prepotential:
1drjxX IxJxk

F(X)= —T (C.18)
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For instance in the case n = 1 the matrix which does such a job is

1 0 -1 0 0 0
0o 0 0 1 0 1
0 -1 0 0 0 0
=10 o o L o - .19
1 1
-1 o -1 o o o
0 0 0 0 -1 0

C.2. Comments on the ST(2, 2] case: S-duality and R-symmetry

To conclude let us focus on the case ST {2, 2]. This manifold has two coordinates that we
can either call S and ¢, in the parametrization of Eq. (C.16) or S and y in the Calabi—Visentini
basis. The relation between ¢ and y simplifies enormously in this case,

t = iﬁ—l. (C.20)

y—1

Itis then a matter of choice to regard the holomorphic section in whatever basis as a function
of y orof ¢, in addition to S. Independently from this choice the manifold S7[2, 2] emerges
as moduli space (at tree-level) in a locally N = 2 supersymmetric gauge theory of a rank
one gauge group, namely SU (2). The two fields spanning the manifold have very different
interpretations. The field y is the scalar partner of the gauge field that remains massless after
Higgs mechanism. Its vacuum expectation value is the modulus of the gauge theory. It is the
same field that occurs also in a globally supersymmetric theory. On the other hand the field
S is the dilaton—axion. It plays the role of generalized coupling constant and generalized
theta-angle. There are two SL(2, R) groups embedded in S P (6, R), they act as standard
fractional linear transformations on the dilaton—axion S and on the special coordinate ¢ for
the gauge modulus. Using the Calabi—Visentini section of Eq. (C.7) and the embedding
equations (3.26) and (3.28), we have that

S-duality: S — —1/8§ is generated by the symplectic matrix

0O 0 01 0 O
0O 0 00 1 O
0O 0 0 0 0 -1 ,
Sduality = 1 0o o0o0oo0 ol (C.21)
0 -1 0 0 0 0
0O 0 1 0 0 O
while T-duality: t — ~1/t is generated by the symplectic matrix
-1 0 0 0 0 0
0O -1 0 0o 0 O
0 0 1 o o0 O
Rsymmetry = 0 0 0 -1 0 0 (C.22)
0 0 0 0o -1 0
0O 0 0 0 o0 1
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If we think of the ¢-field as the modulus of some compact internal manifold then T -duality
is just the transformation from small to large compactification radius. Looking at the same
transformation in terms of the y variable its meaning becomes more clear. It is R-symmetry
y —> —y, an exact global symmetry of the microscopic Lagrangian. The fact that the
matrix generating T-duality or R-symmetry is block-diagonal agrees with the fact that
this is a perturbative symmetry, holding at each order in perturbation theory and never
exchanging electric with magnetic states. Very different is the nature of S-duality. Since it
inverts the coupling constant it is by definition non-perturbative. It exchanges strong and
weak coupling regimes and because of that it is supposed to exchange elementary states
with soliton states. For this reason it must mix electric with magnetic field strengths and
it is off-diagonal. These symmetries exist in the microscopic theory which is derived by
gauging the abelian theories possessing continuous duality symmetries (in this case the two
SL(2, R) groups). After gauging the continuous duality symmetries will be broken. The
question is: Will the integer valued symplectic generators of S-duality and R-symmetry
survive given that they respect the Dirac quantization condition? The answer is yes, but
in the effective quantum theory they will be represented by new integer valued elements
of Sp(6, Z) not derivable from the classical embedding. Since the special geometry in
the effective theory is corrected by the instanton contributions and has a new complicated
transcendental structure, the duality generators must change basis to adapt themselves to
the new situation and be integer valued in the new non-perturbative geometry. Alternatively
one can turn matters around. If we know the new quantum symplectic embedding of the
discrete duality group, we have essentially determined the non-perturbative geometry. It is
this point of view that has proven very fruitful in the very recent literature.

C.3. Momentum maps of HQ[m] and mass matrices

As we are just going to see the quaternionic manifold HQ[m] is the closest quaternionic
analogue of a flat hyperKahler manifold and the relevant formulae for the metric and the
momentum maps are almost identical, mutatis mutandis, with the equations surveyed in
Section 9.3, when we discussed the renormalizable microscopic N = 2 super Yang-Mills
Lagrangian.

To describe the coset manifold SO (4, m)/SO(4) x SO(m) we use a family of coset
representatives L(g) € SO(4, m). A typical choice is the (4 + m) x (4 + m) matrix

T
V1+4q 1 ), (C.23)

L(g) =
o=("o" i

function of an independent 4 x m matrix ¢g. By definition of the group SO (4, m) we have

LT™hL =75, n=diag+, +,+ +,—, ..., —). (C.24)
We can regard the index range in the fundamental representation of SO (4, m) as split in
the following way:

a,b=0,1,2,3

ts=1,2,...m, (C.25)

L=1L%, LJ={
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and introducing the left invariant 1-form
L 'dL =@, (C.26)
we can split it into the vielbein and the connections on the coset manifold

gab  pal 6%? SO(4)connection,
e = ((ET)'“ At ) , E* Vielbein on the coset, (C.27)
A% SO(m)connection.

From the very definition of @ one immediately obtains the Maurer—Cartan equations:

SE* + 6% A EY — A A E® =0 (Torsion equation),
569 + 0% A gt = —E A EPS (SO(4) curvature), (C.28)
A" — A" A A" = EY AEY =0 (SO(m) curvature).

Notice that the vielbein E4 = E&' dg“ carries a vector index a = 0, 1,2, 3 of SO(4) and
an index ¢ in the vector representation of SO (m) just as it does the coordinate g of the flat
hyperKahler manifold discussed in Eq. (10.42). Accordingly the quaternionic generalization
of Eq. (10.42) is obtained by setting

=L  E=E"". (C.29)
The quaternionic metric and the corresponding triplet of hyperKéhler 2-forms are given by

ds2 = huv dqu dqv = ET(14><4 ® lmxm)Ey

.30
KX =ET A (J+|x ® lyuwmE, (€39

which is the quaternionic counterpart of Eq. (10.47). Alternatively in the above formula one
can use the triplet of antiself-dual t’ Hooft matrices to define the hyperKéhler structure. Using
the identities (10.48) and rearranging the 4m vielbein E4" into an m-vector of quaternions

QE' = Evlle,
QE? = E%2¢,

QE = : , (€31
QE' = E%e,

which is the quaternionic counterpart of Eq. (10.49), Eqgs. (C.30) can be rewritten in a form
completely analogous to Egs. (10.50):

ds? = 1 t(QE"1,,xmQE), K = 10E" A 1xmQE = ;K€ (C.32)

Just as in the flat hyperKihler case the action of the gauge group G on the hypermultiplets
is assumed to be linear and generated by a set of 4m x 4m matrices T;:

3]1 = T[l e k'; = (T])uqu. (C33)
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In order for this action to be an isometry of the Euclidean diagonal metric (10.47) it is
necessary and sufficient that the matrices 7; belong to the linearly realized part of the
isometry algebra SO (4, m), namely SO(4) x SO(m),

T; e SO4) x SO(m) C SO4, m). (C.34)

The action of G, however, is not only required to be isometrical but also to be triholomorphic.
This means

UK*=i;dK* 4+ di;K* = VW}r, (C.35)

where W; is the infinitesimal parameter of some SU (2) transformation. A straightforward
calculation shows that the triholomorphicity condition is that the generators 7; should com-
mute with the tensor product of the t” Hooft matrices with the unit matrix in m dimensions.
When this last condition is verified we can write the momentum maps as

Py =TT @ Lyxm Tyl (C.36)

Using these ingredients the mass matrices and the scalar potential can be written down
without any further difficulty. The quaternionic vielbein is given in full analogy to Eqgs.
(10.61) and (10.62) by

U = U dg®h = EV(e,)5 (C.37)

and, as before, we identify the symplectic index o running on 2m values with the pair of
indices B,t (B=1,2;t=1,...,m).

Appendix D. Normalizations and conventions

Minkowski metric:

nap = (1, =1, =1, =1). (D.D
Definition of the Riemann tensor:

RY = drf +TH AT = —4RE dxP A dx”. (D.2)

Decomposition of tensors in self-dual and antiself-dual parts (€123 = 1):

T = 3 (TuF 3i€unpo TF°). (D.3)
Clifford algebra:
{Vas ¥b} = 2745, [Vas Vo]l = 2¥ap.
Y5 = —iyy1¥2¥3,
; . D.4
Yo = Y0, yoy,»fyo =y ((=12273), y; = ys, ©4

€abed ¥ = 2iVabys-
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Decomposition of fermions in chiral and antichiral parts: The indices of the spinors also
fix their chirality according to the following conventions:

AiA AiA

Vst S | =1\ & |- (D.5)
Va VA
*a X

vsle® J=—-1¢ |- (D.6)
e A

Majorana conventions: For any fermion ¢
a = ¢1Ty0 = ¢TC (D7)

Fierz rearrangements: Let us denote by a lower or upper dot right and left chirality,
respectively. Then: for O-form spinors x, & :

Xobo = —3EoXo + §YabE ¥ Xer  XoE = —3VaE ¥ Xe. (D.8)
for 1-form spinors ¥4, yB:
— — — —B —B
Yavp = 39 sVa — gva¥ sy ¥a.  Va¥ = 3va¥ v Ya. (D.9)
Charge conjugation matrix properties:
ct=-1, cT=-c, (©€yHT=cy* (©€y*HT =cyt. (D.10)

Hermiticity of currents:
for O-form spinors:

(£ =E"x* =x"¢", (D.11)
Ky =Ey9x® = ~T vt (D.12)
(KovPE)T = ~E"y%x* =0y, (D.13)

for 1-form spinors:

Favp) = -3 yA =7y, (D.14)
@y s = Ty = ~T vy, (D.15)
G yuB) =Ty ®ya = T arys. (D.16)

Conventions on Kihler geometry: The hermitean metric is locally given by
gij = 39K, (D.17)

where the real function K = K* = K(z, z*) is named the Kéhler potential. It is defined up
to the real part of a holomorphic function f(z). Indeed one sees that

K'(z,2") =K(z,2") + Ref(z) (D.18)
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gives rise to the same metric g; j» as K. The transformation in Eq. (D.18) is named a Kéhler
transformation.

To fix our notations we write the formulae for the Levi-Civita connection 1-form and
Riemann curvature 2-form on a Kédhler manifold:

n, =yl ry  =e G
1} — Pl{'*'i‘ di*, ! Pki"j* =¢ (?j*gk‘l)’ (D.19)
’R}* = ’ij., dz¥ A dz: ’Rj.-f*, = O+ i
R}* = R}tkl* dzk A dzl , R_l/'*kl* = akl}lxlu-
SU(2) and Sp(2n) metrics:
GABGBC = —6@, €48 = B4, (D.20)
C¥Cpy =83,  C¥ =-CF (D.21)
For any SU (2) vector P4 we have
eapP® = Py, eABpg = —pA (D.22)
and equivalently for Sp(2n) vectors Py
CopPP =Py, C¥pPg=-pP" (D.23)
Reality condition for SU (2) valued matrices HAB:
(HAB) = eACeBPhy (D.24)
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